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ë `=ì G
loga x = logb y í MK?@;BF�CH47C]�BAv4 c I@6 c A=;:<�� 47A�î��4Rï�6R2O4 logab xy
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x + y = 5
4�F

xy = 1 í F�CH?BAB�@47C x3 + y3
`

ú ` �R4 J=?BGO;BF
(4, 1)

4R8�Fq8+A=C]2�6"<3CH?BG�F�4 J36�8*896R;BFqJ36�C
(4, 1)

4�F]Jv47C�J=4R;=<BG c A32�6RG�CH4Pð6 2O6<3CH?BG�F�4
y = 2x + 1
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y = 2x +1 í896£Jv47C�J=4R;=<BG c A32�6RG�CH4 4�F�2o� 6Xî�4£<=478

x
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� `X� CH?BAB�@47C=F�?BA=8�2O4R8vF�CHG�J32O4�F�80<�� 4R;BFHGO4RC�8sJv?@8+GEFHGEe58
(x, y, z)

8*67FHGEe56RG�896R;BFv67A�î �4R�@A=6�FHG5?@;38
x2 + y − z = 100

4�F
x + y2 − z = 124

`
ë�� `=� ?@MKLBG547;:<=4£C�6 c GO;=478q6£2o���4R�@A=6�FHG5?@;

sin x = 1
100

x
ò
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ë `�� e
loga x = logb y í 8-I3?�}¡F+I@67F]476 c I"G�8q6R2�8-?�4��BA=6R23F�? logab xy
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x + y = 5
6R;=<

xy = 1 í �=;=< x3 + y3
`

ú `�� I34 J=?BGO;BF
(4, 1)

G�8�?@;�F+I34N2�G�;=4DF+I@67F]J36�8*8-478]F+I@CH?BAvï7I"F+I34 J=?BGO;BF
(4, 1)

6�;=<�G�8Jv47C�J=4R;=<BG c A32�6�C]F�?�F+I34~2�G�;=4
y = 2x + 1
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(x, y, z)
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x2 + y − z = 100
6�;=<

x + y2 − z = 124
`
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sin x = 1
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N = 1+
√

5
2

≈ 1.618033989 . . .
I@6R8"F+I34üCH47M:6RC��R6�L@2O4J=CH?@J=4RC F�>dF+I@6�FKG�FH8�M�A32�FHGOJ@2�G c 6�FHG��@4ÒG�;��@4RC�894

1/N
G�8ü4R�@A=672bF�?iGEF�8ü<=4 c GOM�6R2DJ=6RC�F

0.618033989 . . .
`�! GO;=<�6�;=?�F+I347Ct;@A=MKL34RC�}NG�F+I~F+IBGO8qJ3CH?@Jv47C�Fo> `
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x
I@6R8F+IBGO8tCH4RM�6�C7�R6�LB254bJ=CH?@J=4RC F�>~GEev6R;=<�?@;@2 > G�e

x − bxc = 1/x
`�� IBA=8 í F+I34D8-4�F X

?Be�672�28*A c IK;=?@;=��ø*47CH?�CH476R2s;@A=MKL34RC�8uGO8$F+I34"8-4�F?Be
x
� c ?3?@CH<@G�;367FH4R8g?Be�F+I34$Jv?BG�;BFH8g?Be�GO;BFH4RC��8-4 c FHG5?@;P?Be�F+I34�ï�C�6RJvI@8N?Be

y = x − bxc6�;=<
y = 1/x í 6�8]GE2�2EA=8+F�C�6�F�4R< `� 2O4R6RCH2 > í ;=? 8*A c I ;=?@;=�Hø*4RCH? CH4R672;@A=MKL34RC�8�6RCH4P;=4�ï�6�FHG��@4 ` ! A=C F+I34RCHMK?@CH4 í6R2E2�F+I34"J=?@8*G�FHG��@4~8-?B2EA@FHG5?@;38u6RCH4�ï�G��@47;PLR>

1
2

(
k +

√
k2 + 4

) e�?@CDJ=?@8*G�FHG��@4�GO;BFH4�ï747C�8
k í 6R8 c 6�;"L34b8-4R4R;"LR>~89?B2��BGO;=ï$e�?@CsF+I34uG�;=�F�47C�8-4 c FHG5?@;�?BesF+I34"ï�C�6�J=I@8D?Be

y = x − k6�;=<
y = 1/x
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L=4�6�;@A=MKL34RC£I@6��BGO;=ï�F+I34�CH47M:6RC��R6�L@2O4�J=CH?@J=4RC F�>�GO;üF+I34�J3CH?3L@2O4RM `

 47; c 4 í N − bNc = 1/N
` �PI34R; bNc = n í } 4~I@6��@4 N − n = 1/N

`  $8+GO;=ïF+I34 �@A=6�<3C�6�FHG c e�?@C�M�A32O6 í } 4£ï74�F

N =
n +

√
n2 + 4

2

`
� e

n = 1 í } 4"ï74�F]F+I34~ï�G��@47;�89?B2�A@FHGO?@; N = 1+
√

5
2
í F+I34"ï7?B2O<=47;KC�67FHGO? ` � e n = 2 í} 4 ï74�F

N = 1 +
√

2 í 6£;=4X}²8-?B2EA@FHG5?@; í 6�8qCH4R�@A3G�CH4�< `
b�c dBe�dBe7c;f�g�h=i�j�k�l�mAbPn�o^bAmpHl�q�r�stdBu�vth!gBw�u s�xAvHg�gBw`r�c y z2{ti!g�u;|^k)}B~ �8�7}B~toPy �7|J�H�9|�eHe7c s��H{7c ��{7}�j7s
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1
`
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O���')($�"�*��� �*� ,�3��H� � 6&�GC�D Q 3���3&'9�"3\E��! tD�IP ��8(5/A�&����I���3�'*�&M C�3��$#�I��2��/A���P�� ���3$<
�R4�FsF+I34�CH4 c F�6�;=ï�2O4bI@6��@4�8*GO<=478�?Be@2547;=ïXF+I

x
6�;=<

y
`s� I347;£F+I34u6RCH4R6�GO8

xy = π
46�;=<KF+I34�J=4RC�GOM:4�FH4RC$GO8

2x + 2y = 2 + π
2

`�ì AvL@8+FHG�FHA@FHGO;=ï
y = π/(4x)

G�;BF�?KF+I348-4 c ?@;=<Î4R�@A=6�FHG5?@; í } 4üï74�F 4x2 − (4 + π)x + π = 0
`  $8+GO;=ï:F+I34ü�@A=6�<3C�6�FHG c

e�?@C�M�A32O6 í } 4~ï74�F x =
4 + π ± (4 − π)

8

` �P4 M:6�>K6R898+G5ï�;K47G�F+I34RCg�B6R2EAv4£FH?
x �
F+I34

?�F+I34RC��B6R2EAv4b}NGE2�2�L34
y
`�� IBA=8 í ?BA=CtCH4 c FH6R;=ï�254 I@6R8$8+G5<34R8 1

6�;=< π
4

`
O���')($�"�*��� �*� ,�3��H� � L��GC�D�]^��/P(&'�3 Q <�� (��H�2D�I`E���_����8I���L I	�=O�L�<

� FqG�8u;=?�FqJv?@8*8*GOL@2O4£FH?��v;=<K8*A c I:6"CH4 c F�6�;=ï�2O4 `�� e�F+I34~CH4 c F�6�;=ï�2O4�I@6R8$F�?KI@6��@4F+I34�8*6�M:4�J=4RC�GOM:4�FH4RC�6�;=<�6�CH476�6�8D6 c G�C c 254£}NGEF+I�C�6�<BG�A=8
1 í } 4�I@6��@4 x + y = π6�;=<

xy = π
`~ì GO; c 4

(x + y)2 ≥ 4xy
e�?@C�672�20CH476R20;@A=MKL34RC�8

x
6�;=<

y í } 4 F+I34R;I@6��@4
π2 ≥ 4π í GOM�J32 >@G�;=ïNF+I@6�F π ≥ 4 í } IBG c I�GO8$e5672O894 `q� I34RCH4�e�?@CH4 í ;=?:8+A c IKCH476R2;@A=MKL34RC�8

x
6R;=<

y
4*îRGO8�F `

b�c dBe�dBe7c;f�g�h=i�j�k�l�mAbPn�o^bAmpHl�q�r�stdBu�vth!gBw�u s�xAvHg�gBw`r�c y z2{ti!g�u;|^k)}B~ �8�7}B~toPy �7|J�H�9|�eHe7c s��H{7c ��{7}�j7s
bP�!����b^��
��8b�Bb^�5��b^�5p�
 s�dBu�vth!gBw�u s$�0���gB}�wH{�w�r�c�gB�%gBw&u {7}�j`{�w&hJk�v7wHy;e�}.o�y ��| �t�"|&eHe7c sAr�h��%e�w&u9e�wts
bP�!��{7w�h�k!���&n�
9m �8bAm��&s�dBu�vth!gBw�u s�pHe�}*h ��y wH�K�Hg���e�w�h�{7}�jJ�H�9|�eHe7c s�qH{�w&�2e!vtf�gB}"s�����~&��gBd*j={�w&h �?v7}�u;j
dBe7c�f7g�h i!eHu;|��&{�}�u d�� ����{�w&h�� ����~
¥ `�a L@6�CHCH472BGO8g�32�2O4�<D}NG�F+ID}£6�F�47C ` �P4b47M:JBF�>~I@6R2Eev?Be3G�FH8 c ?@;BF�47;BFH8�6�;=<NF+I34R;~6�<3<~62�G�F�CH4b?Be�}£67FH4RC `�a e�FH4RC�<=?BG�;=ï]F+IBGO8�?@J=4RC�6�FHG5?@; 894-�@4R; c ?@;38-4 c A@FHG��@4qFHGOM:4R8 í } 4�6�CH4$254�e�F}NGEF+I�F+I@CH4�4 2�G�F�CH4R8u?Be�}£6�F�47C]G�;:F+I34"L36RC�CH4�2 `� ?�} M:6R;�>K2EGEF�CH478q} 47CH4 GO;�F+I34"L36RC�CH4�267FgF+I34£L=4Rï�GO;3;@G�;=ï7ò
O���')($�"�*��� C�D Q 3���3&'9�"3\E��! tD�IP ��8(5/A�&����I���3�'*�&M C�3��$#�I��*�P/A�����! ��"3A<

�R4�F
x
L=4qF+I34t�@?B2�A=M:4u?Be�F+I34�L36RC�CH4�2 í G�;N2�G�F�CH4R8 ` � e�} 4�4RM�J@Fo> I@672�e í } 4$6�CH4q254�e�F}NGEF+I 1

2
x í 6�;=<�6�<=<BGO;=ï~6�2EGEF�CH4�ï�G��@478 1

2
x + 1

`Da e�FH4RC$CH4RJ=4R6�FHGO;=ï£F+I34R894�?@J=4RC�6�FHG5?@;38
7
FHGOM:4R8 í F+I34 L@6�CHCH472 c ?@;BFH67GO;38 1

128
x + 127

64

2EGEFH4RC�8$?Be=}£67FH4RC `�ì 4�F�FHG�;=ïbF+IBG�8�4R�@A=672=FH?
3
6�;=<P8-?B2 �@G�;=ï í } 4Kï74�F x = 130

`  47; c 4 í F+I34�GO;@G�FHGO672�6�M:?BA=;BFD?Be�}£67FH4RC�GO;�F+I34L36RC�CH4�2vGO8
130

2EGEF�CH478 `
b�c dBe�dBe7c;f�g�h=i�j�k�l�mAbPn�o^bAmpHl�q�r�stdBu�vth!gBw�u s�xAvHg�gBw`r�c y z2{ti!g�u;|^k)}B~ �8�7}B~toPy �7|J�H�9|�eHe7c s��H{7c ��{7}�j7s

bP�!� {�w&h ��bP��
"�8b �Bb^�5��b^�5p�
 sFdBu"vHh!gBw&u s �0���gB}�wH{�w r�c;gB�%gBw�u {�}�j[{�w&h k�v7wHy;e�} oPy �7| �H�9|�eHe7c s
r�h��%e�w&u9e�wts!bP�5~
ö `�� I34D6RCH4R6R8]?Be3F+I@CH4�4ue56 c 4R8]?Bev6DCH4 c FH6R;=ï�A32O6RCgJ=6RC�6R2O�254�2547J3G�Jv4R<�6RCH4

18
c M 2 í 40 c M 2 6�;=< 80

c M 2
`�! G�;=< �

� 6���GEF�8��@?B2�A=M:4
�
� L��0F+I34N2O4R;=ïXF+I�?Be�GEF�8$<@G�6�ï7?@;3672
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Q

O���')($�"�*��� C�D?V�(� &�"��� W�3���#�I  ��8(5/A�&����I�Y5����/	ZA�"�$# O���6����P/53��8DNO�681P�$��'"I ]�3���67�^(�_����8I
ZJa.<

� 6�� a 898+A=MK4£F+I34"CH4 c FH6R;=ï�A32O6RC�J36�C�672�2O472O4RJ@GOJ=4�<�I@6R8b8+G5<34~2O4R;=ïXF+I@8
a í b í 6�;=< c�

0 < a < b < c
� `  47; c 4 í } 4üI@6��@4 ab = 18 í bc = 80 í 6�;=< ac = 40

`�QA32EFHG�J32 >@G�;=ïbF+I34NF+I@CH4R4~4R�@A=6�FHG5?@;38 í } 4 ?3L�FH67GO; a2b2c2 = 57600
`t� I34D�@?B2EA=MK4NG�8

abc =
√

57600 = 240
c M 3

`
� L��g�P4 I@6��@4

a = abc/(bc) = 240/80 = 3 �
8*G�M�GE2O6RCH2 > í } 4~ï74�F b = 6

6�;=<
c = 40/3

`  47; c 4 í PQ =
√

32 + 62 + (40/3)2 = 1
3

√
2005

`
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b�c dBe4dBe7c�f7g�h\i�j0mAb^n*bPp 
 b ��rH�H�!sKdBu�vth!gBw�u s%�H{8c�gB�%i�{7wH�8s	
;w&h!e�w�gBd2y {8� k7l$mAb^ntoAb^m pHl�q�r�s
dBu�vth!gBw�u s x^vtg�gBw[r�c y z2{Hi!g�u |k�}B~ �8��}B~-oPy �7| �t�"|&eHe7c s �H{7c ��{7}�j7s+bP�!� q�r��`��pBb m`~`�����An��!s%��etf�gB}"s
�7b�s-���Bb��^{�w&h ��b^��
��8bN�)bP�5��bP�5p 
 s^dBu�vth!gBw�u s=�0� �gB}�w!{7w0r�c;gB�%gBw�u {�}�j%{7w�h+k�v7wHy;e�}-o�y ��|F�H�9|�eHe7c s
r�h��%e�w&u9e�wts!bP�5~

÷ ` ���B672�A=6�F�4 √
6 +

√
6 +

√
6 + · · · `

�B/A���.�"�*6B3&'K &��')($�"�*���$ 0C�D Q 3$�"3�'���3 E��! tD�IJ ��8(5/A�&����I ��3�'*�&M C�3��$#�I	�2��/A���P�� ���3��.V�(� &�"���
W�3���#�IJ ��8(5/A�&����I%Y5����/[ZA����#TO5��67����/53��7DTO5681��$��'9I�]�3���67�^(�_����8I ZJa��K3��P/	]^��/P(�'"3 Q <
� (��H�2D�I`E���_����8I���L I	�=O�L�<

�R4�F
x =

√
6 +

√
6 +

√
6 + · · · `�� I347;

x2 = 6 +

√
6 +

√
6 +

√
6 + · · · = 6 + x í

?@C
x2 − x − 6 = 0

`�! 6 c F�?@C�GO;=ï í } 4Nï74�F (x − 3)(x + 2) = 0 í } IBG c I GOM�J32EG5478gF+I@67F
x = 3

?@C
x = −2

`$� A@F
x
GO8tF+I34NCH4R8+A32EF]?Be�6 J=?@8*G�FHG��@4N89�@A=6RCH4£CH?3?�F

�
F+IBA=8 í x = 3

`
b�c dBe�dBe7c�f7g�hFi�j���b^��
��8bN�Bb^�5��b^�5p�
 sPdBu�vth!gBw�u sK�0���gB}�wH{�w0r�c;gB�%gBw�u {�}�j%{�w&hGk�v7wHy;e�} oPy �7|

�H�9|�eHe7c s5r!h��%e�w�u�e�wHs!b^�5~
ù ` �R4�F

A í B í C í 6R;=< D
L=4 c ?B2�2EGO;=476�C�Jv?BG�;BFH8N8+A c IF+I@67F

AB = BC = CD = 1
` � ?@;38+G5<34RC£F+I@CH4�48-47M�GO� c G�C c 25478t?Be=CH4R8*Jv4 c FHG��@4D<BGO6RMK4�F�47C�8

AC í BD
6�;=<

AD
` �R4�F

E
L=4uF+I34DG�;BF�47C�8-4 c FHG5?@;�?Be=F+I34D8-47M�GO� c G�C c 25478}NGEF+I c 47;BF�CH4R8
B
6R;=<

C
` �q4�F�47C�M�GO;=4bF+I34£6�CH476~?BevF+I34c A=Co�@GE2�G�;=4R6RCvF�CHG�6�;=ï�2O4

AED
� 8-I@6�<=4R<bGO;uF+I34q<3C�6�}NGO;=ïH� ` ..
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A B C D

E

q q q q

q

O���')($�"�*��� C�D?V�(� &�"��� W�3���#�I  ��8(5/A�&����I�Y5����/	ZA�"�$# O���6����P/53��8DNO�681P�$��'"I ]�3���67�^(�_����8I
ZJa.<

�R4�F
[∇]

<=47;=?�F�4qF+I34�6RCH4R6b?Be@CH4�ï�GO?@; ∇ í 6�;=<N254�F X̃Y
<=47;=?�F�4qF+I34�894RM�G5� c GOC c 2O4}NGEF+I:<@G�6�M:4�FH4RC

XY
` ! CH?@M F+I34 J3CH?3L@2O4RM 8+F�67FH4RM:4R;BF í } 4~<=4R<@A c 4£F+I@6�FtF+I34£2�6�CHï748-47M�GO� c G�C c 254PI@6R8�<@G�6�M:4�FH4RC

3
� 6R;=<ÎC�6�<@GEA=8 3

2

�D6�;=<QF+I@6�F 4BEC
GO8�4R�@A3GE2O6�F�47C�6R2 `��GEF+IüF+IBGO8"6�<=<BGEFHGO?@;36R2�GO;@e�?@CHM:6�FHG5?@; í } 4 c 6�;Ò4-�B6R2EA=67FH4�F+I34�CH4R�@A3G�CH4�<Ò6RCH4R6�A=8+GO;=ïF+I34 � ; c 2�A=8+G5?@;=���Rî c 2EA=8*GO?@;�1=CHG�; c GOJ@254 �

[
c A=Co�BG�2EGO;=476�C�F�CHG�6�;=ï�2O4

AED]

= [ÃD] − [ÃC] − [B̃D] + [
c A=Co�BG�2EGO;=476�C�F�CHG�6�;=ï�2O4

BEC]

= 1
2

(
9
4
π
)

− 1
2
π − 1

2
π + [

c A=Co�BG�2EGO;=476�CgF�C�GO6R;=ï�254
BEC]

= 1
8
π + [

c A=Co�@GE2�G�;=4R6RCgF�CHG�6�;=ï�2O4
BEC]

= 1
8
π + [

8-4 c F�?@C
CBE] + [

8-4 c F�?@C
BCE] − [4BEC]

= 1
8
π + 1

6
π + 1

6
π − 1

4

√
3 = 11

24
π − 1

4

√
3
`

b�c dBe4dBe7c�f7g�h\i�j0mAb^n*bPp 
 b ��rH�H�!sKdBu�vth!gBw�u s%�H{8c�gB�%i�{7wH�8s	
;w&h!e�w�gBd2y {8� k7l$mAb^ntoAb^m pHl�q�r�s
dBu�vth!gBw�u sAx^vtg�gBw�r�c y z2{ti!g�u;|`k�}B~ �8��}B~�o�y ��|%�H�9|�eHe7c s^�H{8c �7{�}�j8s�b^�!��{�w&hG��bP��
"�8b�)bP�5��bP�5p 
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�
H = 10

M0�
�
F+I34�?�F+I34RC$G�8uF }NG c 4 F+I34 c GOC c A=M�e�4RCH47; c 4:?Be�6 c G�C c 254£}NGEF+I�<@G�6�M:4�FH4RC

D = 8 + 2 = 10
M ` � �P4 F�6���4£F }NG c 4 F+I34 c GOC c A=M�e�4RCH47; c 4 F�?�F�6���4 GO;BFH?K6 c�c ?BA=;BFF+I34DF } ? c ?@M:J@254�F�4NCH4-�@?B2�A@FHGO?@;38tF+I34£C�6RM:J:M�6���478$6RCH?BA=;=<"F+I34DF�6�;A� ` �

��6RM:J�2O4R;=ïXF+I
=
√

H2 + (2πD)2 =
√

100 + 400π2 = 10
√

1 + 4π2
`

b�c dBe�dBe7c;f�g�h=i�j�k�l�mAbPn�o^bAmpHl�q�r�stdBu�vth!gBw�u s�xAvHg�gBw`r�c y z2{ti!g�u;|^k)}B~ �8�7}B~toPy �7|J�H�9|�eHe7c s��H{7c ��{7}�j7s
bP�!� {�w&h ��bP��
"�8b �Bb^�5��b^�5p�
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a í b 4�F c
F�CH?BG�8�;=?@M:L3CH478�C��4R472�8�J=?@8*G�FHG�e58 í 4�Fq89?BGEF m ∈

(
0, 1

4

) ` �Ò?@;BF�CH47C�@As� A=;=4 6RA:M:?BGO;38$<34R8 �4��BA=67FHGO?@;38$8+A3G��B6R;BF�478qJv?@8*8�ð4R<=4£<=478q8-?B2EA@FHG5?@;38qC��4�4�2�2O4R8 �
ax2 + bx + cm = 0 í
bx2 + cx + am = 0 í
cx2 + ax + bm = 0

`
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n
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»�R4KL@6�;=�BA3G547CDC��4�FH?@CH�@Av4
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1 A3G í M�6RG�8D254�MK?@;BF�6�;BFbCH4R8�FH6R;BFb6RAPFH4RM�J=8 n
894RC�6J32EA=8$J=4�FHG�F%5
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ABC
L34�6uCHGOï7I�FsF�C�GO6R;=ï�254]}NG�F+I

A = 90◦ í 6R;=<N254�F M
L34qF+I34�M�GO<=�+Jv?BG�;BF?Be�8*GO<=4

AB
` � e

D
G�8�F+I34"e�?3?�F�?Be0F+I34"Jv47C�J=4R;=<BG c A32�6�C$e5CH?@M

A
F�?

CM
6�;=<

N
G�8F+I34£M�GO<=�+Jv?BG�;BF]?Be

DC í J3CH?R�@4DF+I@6�F BD ⊥ AN
`
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x í y í z í 6�;=< t
8*A c I�F+I@6�F

3x + 3y + 3z + 3t G�8q6 J=4RC�e�4 c F c AvL34 `
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S
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Q
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�R4�F

a í b í 6R;=< c
L34uJv?@8+GEFHG �@4uCH476R2B;@A=MKL34RC�8 í 6�;=<£2O4�F m ∈

(
0, 1

4

) `�ì I3?�}dF+I@6�F67F�2O4R6R8+Ft?@;=4 ?Be=F+I34Ne�?B2E25?�}NG�;=ïN4R�@A=6�FHG5?@;38$I@6�8qCH4R672vCH?3?�FH8 �
ax2 + bx + cm = 0 í
bx2 + cx + am = 0 í
cx2 + ax + bm = 0

`
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L
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n
>@476�C�8 `0� IBGO8�G�8�M:?@CH4]F+I@6�; 47;=?BAvï7IbF�?DJ=6�>bF+I34qGO;BFH4RCH478+F `s� I34�4*î c 4R8*8}NG�2E2BCH4�<BA c 4$F+I34�J=C�GO; c G�J=6723?BA@F�8+F�6�;=<BGO;=ïqe�?@C�F+I34u;=4+îRF�>@4R6RC `�a F�F+I34b47;=<~?Be

n
>@476�C�8 í� }NGE2�2=6�CHC�6�;=ï74£6£;=4�}²M:?@C�FHï�6�ï74De�?@CgF+I34NCH4RM�6RG�;@GO;=ïDJ=C�GO; c G�J=672 ` 0� I34~M�6�;36�ï74RCqCH4R8*Jv?@;=<@8 í . � } ?BA325<�2�G"��4~M:?@CH4 e5CH4��BAv4R;BF$J36�>@MK47;BFH8 `�� 8*Avï7�ï74R8�F�J36�>@MK47;BFH8t?Be

P/4
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i/4
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i
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�����

D E%FHKJ(L �dPUT�������P��KV

» ¤ ÷bú ` �^����,K�� &��/ C�D
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! ?@C06bï�G��@47; Jv?@8+GEFHG �@4$G�;BF�4Rï74RC

k í c ?@;38*GO<=47C�F+I34u894�F�?Be@2�67F�FHG c 4�J=?BGO;BF�8 {(x, y)}} I34RCH4
x
6R;=<

y
6RCH4£GO;BFH4�ï747C�8�8*A c I"F+I@67F

0 ≤ x ≤ 2k + 1
6R;=<

0 ≤ y ≤ 2k + 1
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A0OkMk
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A0OnMn
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OkMk

r
=

A0Ok

A0On

=
2kr − r

2nr − r
=

2k − 1

2n − 1

`
� et} 4�894�F

θk = ∠BkOkMk í F+I347; cos θk =
OkMk

r
=

2k − 1

2n − 1

`Öì GO; c 4
1
2
BkCk = r sin θk í } 4£I@6��@4

BkCk = 2r sin θk = 2r
√

1 − cos2 θk

= 2r

√

1 −
(

2k − 1

2n − 1

)2

=
2r

2n − 1

√
(2n − 1)2 − (2k − 1)2

=
4r

2n − 1

√
(n − k)(n + k − 1)
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∠DCF = 60◦ `�P4 c 6�;TF+I34R; c ?@; c 2EAv<=4�F+I@67F
CF = 2CD = 2AB = BC
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BCF í } 4�I@6��@4 ∠BCF = 150◦ 6�;=< c ?@;3894��BAv4R;BFH2 > í

∠CBF = ∠CFB = 15◦ `�a 2�8-? í } 4���;=?�}iF+I@67FsF�CHG�6�;=ï�2O4 ABE
G�8gG�8-?@8 c 4�254780}NG�F+I

∠ABE = ∠AEB = 45◦ `�� IBA=8 í
∠EBF = 90◦ − ∠ABE − ∠CBF = 30◦ `
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! G�;=<Ò6R2E2teOA=; c FHG5?@;38
f : � → �

e�?@CD} IBG c I
f(1) = 1

6�;=< í e�?@C 672�2]CH476R2;@A=MKL34RC�8
x
6R;=<

y í } 4£I@6��@4 f(x + y) = 3yf(x) + 2xf(y)
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f(1) = 1
6�;=< í e�?@C6R2E2vCH4R672�;@A=M:L=47C�8

x
6�;=<

y í
f(x + y) = 3yf(x) + 2xf(y)

` � � �
ì 4�F�FHG�;=ï

y = 1
G�; � � �gï�G��@478 í e�?@Ct672�2 x ∈ �~í
f(x + 1) = 3f(x) + 2xf(1) = 3f(x) + 2x ` � � �

ì 4�F�FHG�;=ï
x = 1

GO; � � �gï�G �@4R8 í e�?@Ct672�2 y ∈ �~í
f(1 + y) = 3yf(1) + 2f(y) = 3y + 2f(y)

` � � �
� I@6R;=ï�GO;=ï

y
FH?

x
G�; � � � í } 4£ï74�F í e�?@C�6R2E2 x ∈ � í

f(1 + x) = 3x + 2f(x)
` � � �

! G�;36R2E2�> í A=8+GO;=ï � � ��6�;=< � � ��6�;=<�;=?�FHG�;=ïuF+I@67F f(x + 1) = f(1 + x) í } 4£ï74�F
3f(x) + 2x = 3x + 2f(x)

`
� IBA=8 í f(x) = 3x − 2x
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FH?

19
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6�;=<

8
� 6R;=<

9 = 1 + 8
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8
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8 = 1 + 7
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20
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21
6R8q47G�F+I34RC
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4 + 17
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F+IBA=8 í F+I34 47M:JBF�>�8*J=6 c 4£L=4�25?�} 21
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`

20
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17
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21 í } 4~894�4£F+I@6�F 17
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3 + 14
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4 + 13 �F+IBA=8 í F+I34 .Xò 0QM�A=8+F$CH47J=CH478-47;BF�47G�F+I34RC
13
?@C

14
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22
ò � F c 6�;3;=?�F£L34

2 + 20 í 6R8 20
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22
6R;=< 6RCH4�;=?�F�>@4�F0GO;DF+I34uï�CHGO<=ò � I34b?@;@2 >£Jv?@8*8*GOL@GE2�G�F�>GO8
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12 í GO;ü8-?@M:4K?@CH<34RC `Q� A@F c 6R;�} 4"F�4�2�2s} IBG c Iü?Be 10 6�;=< 12
GO8NJ@2O6 c 4R<} I34RCH4Rò � e

10
}£6R8�6�L=?7�@4

22 í } 4 c ?BA32O<D;=?�Fsï74�F 10 6R8sF+I34]8*A=M²?BeRF } ?b;=4�G5ï7I3L3?BA=C�8 í8*G�; c 4
2 + 8

6R;=<
3 + 7

6RCH4 ;=?�F]Jv?@8*8*GOL@2O4 `�� e
12
GO8$6�L=?7�@4

22 í F+I34R; 12 = 10 + 26�;=<
10 = 8 + 2 í } IBG c I c 6R;~} ?@C�� `

20
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17
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p − a1 í p + a1 í p − a2 í p + a2 í . . . í p − an í p + an í F+I347CH4N6�CH467F�2O4R6R8+F
n
GO;BFH4�ï747C�8

b
8*A c I~F+I@6�F

f(b) ≥ f(p)
`

ù `�� I34D8-4767F�8t67F�F+I34 � I@CHG�8+F�M�6�8 ! 476�8�F�e�?@C�F+I34 c ?@M�J=6R;�> .��@;=?BAvï7I 0�6RCH4D6RC�C�6R;=ï74�<GO;�6£8-�BA=6�CH4 c ?@;38*G�8+FHG�;=ïN?Be
10
CH?�}£8�}NGEF+I

10
8-4767F�8]GO;:476 c I�CH?�} `sa 2�2

100
} ?@C7��4RC�8I@6��@4~<@G��047CH4R;BFq8*6R2�6�C�G5478 ` �@6 c IK?Be�F+I34RM 6�8t��8$6R2E2sIBG�8�;=47GOï7I3L=?BA=C�8 � F+I3?@8-4D} ?@C7��4RC�88*G�F�FHGO;=ïuGOM�MK4R<@G�67FH472 >�L=478*GO<=4£IBG�M í G�;�e5CH?@;BF]?Be�IBGOM í ?@CtL34�IBG�;=<:IBGOM �Îe�?BA=CtJ=4�?@J@25467FbM:?@8+F)�$I3?�} M�A c I�F+I34->�476�CH; `"a } ?@C���47C�e�4�4�2O8 c ?@;BF�47;BF$}NGEF+IüIBG�8N89672O6RCo>ü?@;@2�>G�e�I34�I@6�8u67F$MK?@8�F�?@;=4";=4�G5ï7I3L3?BA=C]} I3?�4R6RC�;38bM:?@CH4 F+I@6R;PIBGOM�8-4�2�e ` �PI@6�F$G�8�F+I34M:6Xî�G�M�A=M Jv?@8*8*GOL@2O4N;@A=MKL34RC]?Be=} ?@C7��4RC�8�} I3?�6RCH4£8*67FHG�8*�v4�< }NG�F+I~F+I347G�Ct8*6R2�6�C�G5478-ò
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¢b4+îRFK} 4dï�G �@4i6�;'6R2�F�47C�;36�F�4i89?B2�A@FHGO?@;¡FH?'6iJ=CH?3LB2547M ?Be~F+I34 ì G�;=ï�6�J=?@CH4�T67F+I347M:6�FHG c 6R2 1 2 >3M�J3G�6�<Öï�G �@4R;ÎG�; � �����5� ��������� `da 89?B2�A@FHGO?@;Q}£6�8�J3AvLB2�G�8-I34R<2O6R8+F�>@4R6RCF� �������T�B������� `
ö ` ! G�;=<Î6R2E2qCH4R6725���B6R2EAv4�<TeOA=; c FHG5?@;38

f : � −→ �
<=4��v;=4R<Ö?@;TF+I34ü894�F~?Be�6R2E2C�67FHGO?@;36R2v;@A=MKL34RC�8 � 896�FHGO8+eE>@G�;=ïuF+I34 c ?@;=<BGEFHGO?@;38

f(x + y) = f(x) + f(y) + 2xy íe�?@Ct672�2
x í y GO; � 6�;=< f(1) = 2002

`0� A=8+FHGEeE>~>@?BA=C�6�;38H} 4RC�8 `
L-')�*�&�7�$3$�*�4O���')($�"�*���[C�DTY&��±�1��^(�I �^��'<³ aP��MTM[(������2D�aP��'�'��!#��!I%> ��������� � 3�_����$I 	AY�I
�KO!L�<

�R4�F
g(x) = f(x) − x2 e�?@C x ∈ � `�� I347; í e�?@C�672�2 x í y ∈ �Ní

g(x + y) = f(x + y) − (x + y)2

= f(x) + f(y) + 2xy − (x + y)2 = g(x) + g(y)
`

� IBG�8 GO8NF+I34�} 4�2�2O�t��;=?�}£; � 6RA c I�> �3�BA=67FHGO?@; í } I3?@894K8-?B2EA@FHG5?@;38 6RCH4 g(x) = cx í} I34RCH4
c
GO8q6 c ?@;38�FH6R;BF `� 47; c 4 í f(x) = x2 + 2001x

� 8*G�; c 4
f(1) = 2002

� `

��4R6�<=47C�8���8-?B2EA@FHG5?@;38uF�?P89?@MK4:?Be�F+I34�J=CH?3LB2547M:8De5CH?@M¹F+I34 �#�+/�� �Ò?@;=ï7?B2EGO6R;�T67F+I347M:6�FHG c 6R2 1 2 >3M�J3G�6�< í ï�G��@47;~GO;[� �������?��������� í } 47CH4bJ=CH478-47;BF�4R<~G�; F+I34 �T6�C c IGO8*8*Av4q?Be7F+I34 aP���7�����+� ������
������&������� ` ¢u4*î7F=} 4t25?3?$�q67F�8-?B2EA@FHG5?@;38�FH?�F } ?uJ=CH?3LB2547M:8;=?�F]<@G�8 c A=8*8-4R<"F+I347CH4 `
¥ `�� I34NGO; c G�C c 254£?BevF�CHG�6�;=ï�2O4

ABC
}NGEF+I

AB 6= BC
FH?BA c I34R8q8*GO<=478

BC
6R;=<

AC67FbJ=?BGO;BF�8
A1

6�;=<
B1 í CH4789J=4 c FHG �@472 > `�� I34:8-4Rï�MK47;BFH8 AA1

6�;=<
BB1

MK4R4�F�F+I34GO; c G�C c 254�67F
A2

6R;=<
B2 í CH4R8*Jv4 c FHG��@4�2�> ` 1=CH?R�@4KF+I@6�FDF+I34�2EGO;=478 AB í A1B1 í 6R;=<

A2B2
6�CH4 c ?@; c A=CHCH4R;BF `

O���')($�"�*��� C�D �U��681P�!'JZP3���3&�9'�'��!I.¶K�^(����$I�	��B3��P6���<
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�&�3�

�R4�FtF+I34£GO; c G�C c 254
Γ
FH?BA c I�F+I34 8*GO<=4

AB
67F

C1
6R;=<:2O4�F

a = BC í b = CA í
c = AB í 6�;=< s = 1

2
(a + b + c)

`�ì G�; c 4
AB1

B1C
· CA1

A1B
· BC1

C1A
=

s − a

s − c
· s − c

s − b
· s − b

s − a
= 1 í

� 4-�B6@� 8 � I34�?@CH47M 8-I3?�}£8uF+I@6�F$F+I34�2�G�;=4R8
AA1 í BB1 í 6�;=< CC1

6RCH4 c ?@; c A=C�CH47;BF í896�>�6�F
U

�
U
GO8tF+I34AB�47CHï7?@;3;=4�1@?BGO;BF]?BevF+I34bF�CHG�6�;=ï�2O4�� `�R4�F

V
L34"F+I34�Jv?B2O4:?Be0F+I34�2EGO;=4

CC1
}NGEF+I�CH4R8*Jv4 c F$F�?:F+I34 c G�C c 254

Γ
`"ì GO; c 4

CA1
6R;=<

CB1
6�CH4 FH6R;=ï74R;BFqF�?

Γ
67F

A1
6�;=<

B1 í CH4R8*Jv4 c FHG��@4�2�> í F+I34"Jv?B2�6�C�?Be C}NGEF+IÒCH4789J=4 c FNF�?
Γ
G�8~F+I34P2EGO;=4

A1B1

` � >ÒJv?B2�6�C CH4 c GOJ3CH? c GEFo> í V
G�8�?@;

A1B1

`ì GOM�G�2�6�C�2�> í F+I34uJ=?B2O6RC�?Be C1
G�8�F+I34$2�G�;=4

AB �
I347; c 4 í V GO8�?@;

AB
` ¢u?�} í 2O4�F A1B16�;=<

A2B2
M:4�4�Fb67F

W
`�ì G�; c 4

A1A2
6R;=<

B1B2
M:4�4�Fb67F

U í F+I34:Jv?B2�6�Cb?Be W}NGEF+IPCH4R8*Jv4 c FuFH?
Γ
J=6R89894R8bF+I@CH?BAvï7I

U
`Q� A@F�F+IBG�8£Jv?B2�6�Cu6R2�8-?PJ36�8*8-478bF+I@CH?BAvï7I

C� 8+GO; c 4
W
GO8N?@;

A1B1
� `"� IBA=8 í F+I34�Jv?B2�6�Cu?Be W

G�8
CU = CC1

6�;=<
W = V

`
! G�;36R2E2�> í V GO8$?@;

AB í A1B1 í 6�;=< A2B2
6�;=<"F+I34NCH4R8+A32EF�e�?B2E25?�}£8 `

ù ` �R4�F
A1 í B1 í 6R;=< C1

L34 F+I34"CH4789J=4 c FHG �@4"M�G5<3�*J=?BGO;BF�8D?Be�F+I34"8*GO<=478
BC í AC í6�;=<

AB
?Be@F�CHG�6�;=ï�2O4

ABC
`0� 6���4D6DJ=?BGO;BF

K
?@; F+I34b894�ï�M:4R;BF

C1A1
6�;=<~6DJv?BG�;BF

L
?@;"F+I34£894�ï�M:4R;BF

A1B1
8*A c I~F+I@6�F

C1K

KA1

=
BC + AC

AC + AB

6R;=< A1L

LB1

=
AC + AB

AB + BC

`
�R4�F

S = BK ∩ CL
`gì I3?�}�F+I@6�F

∠C1A1S = ∠B1A1S
`

O���')($�"�*��� C�D �U��681P�!'JZP3���3&�9'�'��!I.¶K�^(����$I�	��B3��P6���<
a 8bA=8+A=6R2 í 2O4�F a = BC í b = CA í 6R;=< c = AB

` �q47;=?�F�4�LR>
d(X, Y Z)F+I34N<@G�8+F�6�; c 4be5CH?@MJv?BG�;BF

X
F�?NF+I34b2�G�;=4

Y Z
6�;=<�LR>

[XY Z]
F+I34b6�CH476£?Be3F�C�GO6R;=ï�254

XY Z
`0ì GO; c 4

S
G�8sG�;BF�47CHGO?@C3F�? 4A1B1C1 í F+I34q<=478*G�CH4�< c ?@; c 2EA=8*GO?@;uGO8s8+A c+c 4R8*8*G �@472 >4��BA3G��B672547;BF�FH?

S
GO8$?@;"F+I34DGO;BFH4RCH;36R2�LBGO894 c FH?@Ct?Be

∠B1A1C1 í
d(S, A1C1) = d(S, A1B1) í

A1B1 · A1C1 · d(S, A1C1) = A1C1 · A1B1 · d(S, A1B1) í
c · [SA1C1] = b · [SA1B1]

` � � �
�q4R;=?�FH4�LR> −→

X
F+I34t�@4 c FH?@C�F�?

X
e5CH?@M²6$�Bî�4R<£?@CHGOï�GO; ` ! CH?@M�F+I34�I�>3J=?�F+I34R894R8 í} 4 I@6��@4

(a + 2b + c)
−→
K = (a + b)

−→
A 1 + (b + c)

−→
C 1

(a + b + 2c)
−→
L = (a + c)

−→
A1 + (b + c)

−→
B 1

−→
B =

−→
A 1 − −→

B 1 +
−→
C 1

6�;=< −→
C =

−→
A 1 +

−→
B 1 − −→

C 1
`



�&�3�

� IBA=8 í
(a + 2b + c)

−→
K − b

−→
B = (a + b + 2c)

−→
L − c

−→
C = a

−→
A 1 + b

−→
B 1 + c

−→
C 1 �} I34R; c 4 � 8+GO; c 4

S = BK ∩ CL
� í

(a + b + c)
−→
S = a

−→
A 1 + b

−→
B 1 + c

−→
C 1

`
a 8q6 CH478*A32�F í a : b : c = [SB1C1] : [SC1A1] : [SA1B1] í 6R;=< � � ��e�?B2E25?�}£8 `¢b?�FH4 � ì G�; c 4

B1C1 = 1
2
a í C1A1 = 1

2
b í 6�;=< A1B1 = 1

2
c í F+I34 CH4R8+A32EFgõ5A=8�F?3LBF�6RG�;=4�<:4-�@47;:89I3?�}£8tF+I@6�F

S
GO8tF+I34DGO; c 4R;BF�CH4 ?Be 4A1B1C1

`

a 2O89?~GO;~F+I34"�T6�C c I aP���7������} 47CH4N8-?@M:4NCH476�<34RC�8��B89?B2�A@FHGO?@;38tFH?�J3CH?3L@2O4RM�8$?BeF+I34 �#+/�� � 6R2"�R6�;Ö�T6�F+I34RM�67FHG c 672 1 2�>@M:J@GO6�< í ï�G��@47;�GO; � �����5� �K������� ` ! ?@CuF+I3478-48-?B2EA@FHG5?@;38 í 894�4 � ������
������������ ` �P4N;=?�}²J3CH4R894R;BFt6�;=?�F+I347Ct89?B2�A@FHGO?@; `¤ `�� I34£894��BAv4R; c 4
a1 í a2 í . . . í an í . . .

GO8$<347�=;=4�<:LR>
a1 = 20 í a2 = 30 í an+2 = 3an+1 − an í e�?@C

n > 1
`

! G�;=<�6R2E2vJv?@8+GEFHG �@4DG�;BF�4Rï74RC�8
n
e�?@C�} IBG c I

1 + 5anan+1
G�8q6 J=4RC�e�4 c Ft89�@A=6RCH4 `

O���')($�"�*��� C�D �U��681P�!'JZP3���3&�9'�'��!I.¶K�^(����$I�	��B3��P6���<
ì GO; c 4

a3 = 70
6R;=<

a4 = 180 í } 4:I@6��@4 1 + 5a3a4 = 63001 = 2512
`� IBA=8 í n = 3

G�8q6 89?B2�A@FHGO?@; ` �P4N89I3?�}�F+I@67FgF+I347CH4NG�8q;=?�?�F+I34RC�8-?B2EA@FHG5?@; `�R4�F
α = (1+

√
5)/2

6�;=<
β = (1−

√
5)/2 í 6�;=<b254�F {Fn} L=4tF+I34 ! GOL=?@;36 c+c G8-4R�@Av47; c 4 í ï�G �@4R;ÎLR> Fn = (αn − βn)/

√
5 í � n = 0 í 1 í 2 í . . .

� `dì GO; c 4�F+I348-?B2EA@FHG5?@;38~F�?QF+I34�4��BA=67FHGO?@;
x2 − 3x + 1 = 0

6�CH4
α2 6�;=< β2 í F+I34 c 2O6R898+G c 6R2MK4�F+I3?3<:4R6R8*GE2�>~25476�<@8]FH?

an = 10β2α2n + 10α2β2n = 10(α2n−2 + β2n−2) í
} I34RCH4DF+I34D2O6�F�F�47C]4R�@A=672�G�F�>"e�?B2�2O?�}£8te5CH?@M

αβ = −1
`  $8*G�;=ïuF+IBGO8 í } 4N8-4R4bF+I@67F

1 + 5anan+1 = 501 + (50F2n−1)
2 `

¢b?�} í GEevF+IBGO8]G�;BF�4Rï74RCgGO8q6£Jv47CHe�4 c F]89�@A=6RCH4 í 8*6�> K2 í } 4£I@6��@4
501 = (K − 50F2n−1)(K + 50F2n−1)

`
� IBA=8 í 47G�F+I34RC K−50F2n−1 = 3

6R;=<
K+50F2n−1 = 167

?@C
K−50F2n−1 = 16�;=<

K+50F2n−1 = 501
`0� I34]�=C�8+F c 6R8-4g>@GO472O<38

25F2n−1 = 41 í } IBG c IbG�8 c 2O4R6RCH2 >GOM�Jv?@8*8*GOL@2O4 `�� I34]8-4 c ?@;=< c 6R8-4]ï�G��@478
F2n−1 = 5 í } IBG c I�GOM�J32EG5478�F+I@67F n = 3

`s� IBGO8c ?@M�J32O4�FH4R8tF+I34£J3CH?3?Be `



�&�3�

a ;�4R6�ï�254R�94->@4R<KCH4R6�<=47C�I@6R8bJ=?BGO;BFH4�<�?BA@F$6"8+2�GOï7I�F�?7�@4RC�8+G5ï7I�FqG�;:F+I34~CH4RM�6�C7�ï�G��@47;�}NG�F+I$F+I34t8-?B2EA@FHG5?@;$F�?�J=CH?3LB2547M � ?Be7F+I34 � A32Oï�6�C�GO6R; �T6�F+I34RM�67FHG c 672 1 2 >3M�J3G�6�<
� �������\�������&�����5
&� <BGO8 c A=89894�<�6�FF� �����5
�Z��&������ `
aP��MTMN�&���GC�D E%3����*�!'G�! t3��9IJ &�8(�/A���.��I ��3&��,K�H��L+MN���B��6)3�� O5681��$��'9I ��3&��,K�H�"I��!3��*�%3���I
MN�$/��"@���/�C�D�21��F��/��������!<

� ;"F+I34D8-?B2EA@FHG5?@; F�?"J3CH?3L@2O4RM � ?Be=F+I34 � A325ï�6RCHG�6�;��T6�F+I34RM�67FHG c 672 1 2 >3M�J3G�6�< í! G�;36R2g��?BA=;=< í �����B� í ï�G �@4R;:G�;�F+I34��T6�C c I ������
 GO8*8*Av4~?Be�-������ 9;672�Y�S����
	��=S íGO8 F+I34PCH4RM�6�C7�PF+I@67F
xn = f2n+1

e�?@C 6R2E2
n ≥ 1

`'� A@F£e�?@C
n = 1 í } 4üI@6��@4

x1 = 1 6= 2 = f3
`P� I34KCH4RM�6�C7�P89I3?BA325<QI@6��@4K8+F�67FH4�<PF+I@67F

xn = f2n−3
e�?@C

n ≥ 2
`

¢b?�} } 4üFHA=C�;ÖF�?i?BA=C"�=2O4T?BeD8-?B2EA@FHG5?@;38:e5CH?@M ?BA=C�CH476�<34RC�8:FH?�J=CH?3LB2547M:8ï�G��@47;üG�;�F+I34 1$c F�?3L34RC ������� GO8*8*Av4:?Be�F+I34 aP���7�P�&� ` �P4:L=4Rï�GO;�}NG�F+IP89?B2�A@FHGO?@;38bFH?J=CH?3LB2547M:8$?BevF+I34 ! GOC�8�Fu��?BA=;=<:?Be=F+I34 � C�6�;@G�6�;��T67F+I347M:6�FHG c 6R2 1 2 >3M�J3G�6�<�ï�G �@4R;�6�F
� �������T�@�5
R��� `
ë `�! GO;=<~6R2E23Jv47C�M�A@FH6�FHG5?@;38

(a1, . . . , an)
?Be

(1, . . . , n)
} IBG c I"I@6��@4uF+I34DJ3CH?@Jv47C�Fo>F+I@67F

i + 1
<BG��BG5<34R8

2(a1 + · · · + ai)
e�?@Ct4-�@4RCo>

i í 1 ≤ i ≤ n
`

O���')($�"�*���?,�3�� �$�����7���4Z=���7�$ 7:����H����I��X3��9 &���� ��Y�3�[�B�*��I�	��B3��P6���<
1@?BA=C

n = 1 í G�27;�� 4*îRGO8�F�4D�4X�@GO<=47M:M:4R;BF��BAs� A=;=4]8-4�A3254tJ=4RCHM�A@F�67FHGO?@;b6�<��4��BA=67FH4 `¢b?BA=8b6R2E25?@;38uJ=CH?BAB�@47Cu�@Av4 í Jv?BA=C]F�?BA@F n ≥ 2 í GE2�4*îRGO8�F�4"4*îR6 c F�47MK47;BFu<=4�A�î�FH472E25478Jv47C�M�A@FH6�FHG5?@;38 í �BA3G�89?@;BF (1, 2, 3, 4, . . . , n)
4�F

(2, 1, 3, 4, . . . , n)
`

1 ;Î���4RC�G��v4T<@G�CH4 c FH4RM:4R;BF:�BAv4 c � 478+F"254 c 6R8KJv?BA=C
n = 2

4�F
n = 3

` �q4J32EA=8 í GE2�4R8�F�e56 c G�2O4£<=4u���47CHGE��47Ct�@Av4 c 4R8$<347A�î Jv47C�M�A@FH6�FHG5?@;38$?@;BF]LBG547;�2O6£J3CH?@J=C�GH�4�F7�4<=47M:6R;=<��4R4 J=?BA=CgFH?BA@F
n ≥ 2

`ì A=J=J=?@8-?@;38£�BAv4�2o� 6��KCHM:6�FHG5?@;P8-?BG�F]�3C�67G54�Jv?BA=C
n − 1 ≥ 2

` 1 ; c ?@;38+G5<�ð4RCH4A=;=4£J=4RCHM�A@F�67FHGO?@;
(a1, a2, . . . , an)

<34
(1, 2, . . . , n)

6�>B6�;BFg2O6NJ=CH?@J3CHGH�4�F��4DCH4��BA3GO894J=6RCb2o���47;=?@; c �4 ` 1 ;��B6KJ3CH?BAB�@4RCN�BAv4
an = n

`�a 2O?@C�8N2o� I�>@Jv?�F+I0ð478-4K<=4:C��4 c A=C�CH47; c 46�8*8*A=CH47C�6u�BAv4
(a1, a2, . . . , an−1)

478+F
(1, 2, 3, . . . , n−1)

?BA
(2, 1, 3, . . . , n−1)

`
1 ;N8967GEFs�BAv4

2(a1+a2+· · ·+an) = 2(1+2+· · ·+n) = n(n+1)
`Xa A=8*8*G í<�� 6�J3C�ð478�2O6�J3CH?@J=C�GH�4�F7�4u<34q2����4R;=?@; c �4 í ?@;£8967GEF0�BAv4 n

<BG��BGO894
2(a1+a2+ · · ·+an−1)

`1B6�C�8*A3G�F�4 í n <@G �@G�8-4 2an
`

n �#*�� { ì G
n
478+FqG�M:J36RG�C í G�2v�@GO4R;BF$G�M:MQ�4�<BGO6�F�47MK47;BFu�BAv4 n

<@G �@G�8-4
an
` ��F í c ?@M�MK4

an ∈ {1 í . . . í n} í c � 478+Ft<=?@; c �@Av4 an = n
`

n �#* ã { ì G
n = 2k í ?@;D<3?BGEFv6��@?BG�C an

<@G �@G�8*GOL@2O4tJ=6RC
k
`�ì G

an 6= n í c ?@M�MK4 an < 2k íc � 478+F]<3?@; c �@Av4
an = k

` �T6RG�8
n − 1 = 2k − 1

<BG��BGO894
2(a1 + a2 + · · · + an−2) = n(n + 1) − 2an − 2an−1

= 2k(2k + 1) − 2k − 2an−1
`

� ?@M�MK4
2k − 1

4R8�F�G�M:J36RG�C í ?@;:47;:<��4R<@A3G�Fq�BAv4 2k − 1
<BG��BGO894

k(2k + 1) − k − an−1 ≡ k − an−1 (mod 2k − 1)
`



�&���

13A3GO89�@Av4
an−1 ∈ {1 í . . . í 2k} í ?@;Ò6 −k ≤ k − an−1 ≤ k − 1

` �76P8-4�A3254Jv?@8*8*GOL@GE2�G�F7�4K<�� 6��@?BG�CDA=;QM�A32EFHG�J32O4�<=4
2k − 1

478+FN<=?@; c �@Av4
k − an−1 = 0 í ?BA4R; c ?@CH4

an−1 = k = an í c 4��BA3Gg478+F$G�M:J=?@898+G5LB254 ` �q?@; c í ?@;�6:L@GO4R; an = n
4�Fc 4�2O6£6 c I0ð4X�@4N2�6~<��4RM:?@;38+F�C�6�FHG5?@; `

ö ` �R4�F
A
6�;=<

B
L=4~F } ?:�Bî�4R<�Jv?BG�;BFH8uGO;KF+I34�J@2O6R;=4 ` �R4�F

ABCD
L=4�6 c ?@;��@4+î�@A=6�<3C�G�2�67FH4RC�672�8+A c I:F+I@6�F

AB = BC í AD = DC í 6R;=< ∠ADC = 90◦ ` 1=CH?R�@4F+I@67F]F+I347CH4~G�8u6"��î�4�<KJ=?BGO;BF
P
8+A c I�F+I@67F í e�?@C�4-�@47Co>�8+A c I��@A=6�<3C�G�2�67FH4RC�672 ABCD?@;"F+I34£896RMK4N8+G5<34£?BevF+I34N2EGO;=4
AB í F+I34N2EGO;=4 DC

J=6R89894R8�F+I@CH?BAvï7I
P
`

O���')($�"�*��� C�D �U��681P�!'JZP3���3&�9'�'��!I.¶K�^(����$I�	��B3��P6��!I.MN�$/��"@���/�C�D\�21P�4��/��������!<
1 ;�F+I34K896RMK4K8*GO<=4�?Be

AB
6�8NF+I34�@A=6�<3C�G�2�67FH4RC�672

ABCD í <@C�6�}²F+I34 894RM�G5�c GOC c 2O4
(S)

}NG�F+I c 47;BF�CH4
B
6R;=<²C�6�<@GEA=8

BA í 6R;=<ÛF+I34�C�6�> (R)
?@C�G5ï�G�;367FHG�;=ïÎ67F

B
6R;=<¹J=4RCHJv47;=<@G c A32O6RCiFH?

BA
` �P4}NG�2E2q89I3?�}¼F+I@67F 6R2E2tF+I34�2EGO;=478

CD
J=6R898F+I@CH?BAvï7I'F+I34dJ=?BGO;BF�?Be�G�;BF�47C�8-4 c FHG5?@; ?Be

(S)
6R;=<

(R)
`�R4�F

ABCD
L34 6�;´6�C�L@G�F�C�6�Co>�@A=6�<3C�G�2�67FH4RC�672 8*67FHG�8*eE>BGO;=ï�F+I34 ï�G��@47;c ?@;=<BGEFHGO?@;38 í 6�;=<ü2O4�F P
L=4�F+I34KJv?BG�;BFN?BeGO;BFH4RC�894 c FHGO?@;:?Be

CD
6�;=<

(R)
`

.

..

..

.

..

.

..

.

..

..

.

..

.

..

.

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
...
...
...
....
....
...
....
....
...
....
.....
.....
......
.....
......
.............

...........................................................................................................................................................................................................................................
...............
..........
...
...
..
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
.
..
.
..
..
.
..
.
..
.
..
..
.
.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

..

..

.

..

..

..

..

..

..

..

.

..

.

..

..

.

..

.

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
...
....
...
....
....
.....
.....
......
.........

............................................................................................................................................................................
..........
.....
...
...
..
...
...
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
..
..
.
..
..
..
..
..
..
...
..
...
...
..
...
...
..........
................................................................................................................................................................................

........
.....
......
....
....
....
....
...
....
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
.
..
..
.
..
.
..
..
.
..
..
..
..
..
.
..
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.

................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
.....
.....
.....
.....
.....
......
.....
.....
.....
......
.....
.....
.....
.....
......
.....
.....
.....
......
.....
.....
.....
.....
......
.....
.....
.....
......
.....
.....
.....
.....
......
.....
.....
.....
......
.....
.....
.....
.....
......
.....
.....
.....
......
.....
.....
.....
......
.....
.....
......
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

....

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

...

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..............................................................................

..............
.
.
.
..
.
.
.
..
.
.. . . . . . . . . . . . ..
.
..
.
.
.
..
.
.
.
.

..............
.
.
.
..
.
.
..
.
.
....
...
...
...
..
.
.
..
.
.
..
.
.
.
.

..............
.
.
.
..
.
..
.
.
.
....
...
...
...
..
.
.
.
..
.
..
.
.
.
.

A B

C

D

P

�P4 c ?@M�J32O4�FH4DF+I34 J3CH?3?Be0LR>�8-I3?�}NG�;=ïbF+I@6�F�F+IBG�8$Jv?BG�;BF
P
G�8�?@;

(S) �
F+I@67FtG�8 í

BP = BC
` �R4�F

∠(`, `′)
<34R;=?�FH4NF+I34 <@G�CH4 c FH4�<:6R;=ï�254 ?Be�F+I34£2EGO;=478

`
6R;=<

`′ ` 1 A=Cï7?@6R2@}NG�2E2�L34£CH476 c I34R<�G�e=} 4NJ3CH?R�@4DF+I34£4��BA=6R2EGEFo>
∠(PB, PC) = ∠(CP, CB)

`�P4�}NGE2�2@A=8-4�F+I34be56 c F�F+I@67F 4ADC
G�8]C�G5ï7I�F+�+6�;=ï�2O4�<"6�;=<~G�8-?@8 c 4�25478t6R;=<~F+I@6�F

A í D í P í 6�;=< B
6RCH4 c ?@; c > c 2EG c � ?@;KF+I34 c G�C c 254 }NG�F+I�<@G�6�M:4�FH4RC

AP
� ` ¢b?�FH4�6R2�8-?F+I@67F

BD
GO8qJ=4RCHJv47;=<@G c A32O6RC�FH?

AC
� 8*G�; c 4

BA = BC
6�;=<

DA = DC
� `

! G�C�8+F í ∠(PB, PC) = ∠(PB, PD) − π = ∠(AB, AD)
`�� I34R; í

∠(CP, CB) = ∠(CP, CA) + ∠(CA, CB)

= ∠(AC, AD) + ∠(AB, AC)� 8*G�; c 4
AD = DC

6R;=<
AB = BC

�

= ∠(AB, AD) í6�;=<"F+I34NCH4R8+A32EF�e�?B2E25?�}£8 `
÷ ` �R4�F

δ
L=4N6£8�>3M:L=?B2v8*A c I~F+I@6�F

δ 6= 0
6R;=<

δ2 = 0
` �q4��v;=4

� [δ] = {a + bδ | a í b ∈ � }
a + bδ = c + dδ ⇐⇒ a = c

6R;=<
b = d í

(a + bδ) + (c + dδ) = (a + c) + (b + d)δ í
(a + bδ) · (c + dδ) = ac + (ad + bc)δ

`
�R4�F

P (x)
L34Ò6ÎJv?B2 >3;=?@M�GO672�}NG�F+IiCH4R672 c ?34 � c GO4R;BF�8 `¹ì I3?�}ÓF+I@6�F

P (x)
I@6�8�6M�A32�FHGOJ@254NCH?3?�F�G�;

�
G�e�6�;=<:?@;@2 >"G�e

P (x)
I@6R8$6£;=?@;=�*CH476R2vCH?3?�F�G�;

� [δ]
`



�&�$�

O���'*_���/ C�D �	�*681��H' ZP3���3&�9'�'��!IQ¶K�^(����$I 	��B3��P6����`3��P/ �$�����7���Z=���7�$ 7:����H����I �X3��9 &���� �
Y�3�[�B�*��I 	��83���67�5< >?��#&��_��4ZP3$�"3���'9'*� �  _����B ������.<

�R4�F
a í b ∈ �

`:a ;Q476�8�>PG�;=<@A c FHGO?@;�8-I3?�}£8DF+I@6�Fbe�?@Cb6R2E2
n ∈ � í } 4KI@6��@4

(a + bδ)n = an + nan−1bδ
`�� F�e�?B2�2O?�}£8tF+I@6�F

P (x + yδ) = P (x) + P ′(x)yδ
� � �

e�?@Ct672�2vCH476R2
x
6R;=<

y
`

� e
P (x)

I@6R8N6:M�A32EFHG�J32O4�CH?3?�F
x0
G�;

� í F+I34R; P (x0) = P ′(x0) = 0
6R;=< íe5CH?@M � � � í } 4£I@6��@4 P (x0 + δ) = 0

`�� IBA=8 í P (x)
I@6�8q6 ;=?@;=�+CH4R672�CH?3?�FgGO;

� [δ]
`� ?@;��@47C�8-4�2�> í GEe P (a + bδ) = 0

e�?@C~89?@MK4PCH4R672$;@A=MKL34RC�8
a
6�;=<

b
}NGEF+I

b 6= 0 í F+I347; í e5CH?@M � � � 6�ï�67GO; í P (a) + P ′(a)bδ = 0 = 0 + 0δ
`  47; c 4 í

P (a) = P ′(a) = 0
6R;=<

a
GO8q6£M�A32�FHGOJ@254NCH4R672vCH?3?�F]?Be

P (x)
`

ù ³ �R4�F
G
L34£6£8+GOM�J32O4£ï�C�6RJvI }NGEF+I

100
4�<3ï74R8$?@;

20
�@47C�FHG c 478 ` �P4 c 6�; c I3?3?@894N6J=67GOCt?Bes<@G�8�õo?BG�;BF]4R<=ï7478qG�;

4050
}£6�>@8 ` 1=CH?7�@4DF+I@6�F

G
G�8qCH4�ï�A32�6�C `

O���')($�"�*���?,�3�� �$�����7���4Z=���7�$ 7:����H����I��X3��9 &���� ��Y�3�[�B�*��I�	��B3��P6���<
ì ?BG547;BF

V1 í . . . í V20
2O4R8g8-?@M�MK4�FH8�<34

G í <=4u<=4Rï�C��478�CH4R8*Jv4 c FHG�e58 d1 í . . . í d20
`

� 2�8�� 6�ï�GEF]<34£J3CH?BAB�@4RC]�BAv4
d1 = · · · = d20

`
1 C í ?@;�8*6RG�F��@Av4b2O6N89?@M:M:4N<=478q<=4Rï�C��478q4R8�Fg2O4N<=?BAvLB254N<BA�;=?@MKL@CH4£<�� 6RCXó4�F�478 í<=?@; c

20∑

i=1

di = 200
` � � �

ì ?BGEF
(Vi, Vj)

A=;=4$6RCXó4�F�4 ` � 27>N6�4*îR6 c F�47MK47;BF
100−(di+dj −1) = 101−(di+dj)6�C-ó4�FH4R8�<BGO8Hõo?BGO;BFH4R8�<=4

(Vi, Vj)
` ��Fs<=?@; c 6RA@F�6�;BFs<=4qJ36RG�CH4R8�<�� 6�C-ó4�FH4R8�<@G�8�õo?BG�;BF�478�<3?@;BFA=;=4�4R8�F

(Vi, Vj)
` �@;�8-?@M�M:6R;BF$8+A=Cq2o� 47;38-47MKLB254"<=478b6RCXó4�F�478 í ?@;�?3LBFHGO4R;BF$67GO;38+G�254<=?BAvLB254K<@A�;=?@MKL@CH4�<34KJ36RG�CH4R8£<�� 6�C-ó4�FH4R8 <@G�8�õo?BG�;BF�478 � c I@6 c A=;=4K4R8�FN?3L�F�47;@Av4�<347A�îe�?BGO8$<@6�;38]254NC�6RG�8-?@;3;=47MK47;BFtJ=C��4 c �4R<=47;BF)� `

� 23�BG547;BF]<=?@; c ∑
(Vi,Vj)

[101 − (di + dj)] = 2 × 4050 í ?BAK47; c ?@CH4
∑

(Vi,Vj)

(di + dj) = 101 × 100 − 2 × 4050 = 2000
`

1 C í <36R;38D2�6�89?@M:M:4 c G5�*<=47898+A=8 í c I@6��@Av4 di
6RJ=J36�C�6Xó � Fu67A@FH6R;BFb<34�e�?BG�8N�BAs� GE2g4+î�G�8+FH4<�� 6�C-ó4�FH4R80<=?@;BFvA=;b8-?@M�MK4�F�4R8�F

Vi í 8-?BG�F�<=?@; c 4+îR6 c FH4RM:4R;BF di
e�?BGO8 ` 1B6�C c ?@;38��4��BAv4R;BF í?@;�6

2000 =
∑

(Vi,Vj)

(di + dj) =

20∑

i=1

d2
i

`
�T6RG�8 í <�� 6�J3C�ð478 � � �g4�F�2o� G�;��4�ï�672�G�F7�4£4R;BF�CH4D25478qMK?7>@4R;3;=478$6RCHG�F+I@MQ�4�FHG5�BAv4R8$4�F]�@A=6�<3C�6��FHG5�BAv4R8 � a ��� � �[� í ?@;�6£6R2O?@C�8

2000 =

20∑

i=1

d2
i ≥ 1

20

(
20∑

i=1

di

)2

= 2000
`

1 ;:4R8�F]<3?@; c <@6�;38]A=; c 6R8�<����4Rï�6R2EGEF��4£<=4 a ��� � � í c 4£�@A3Gv8*GOï�;@G��v4£�@Av4DFH?BA=8]25478 di8-?@;BFD�4Rï�6RA�î í c ?@M�MK4£<��478*G�C��4 `



�&� �

¢b4+îRFg} 4£25?3?$�~67F]8-?B2EA@FHG5?@;38qe5CH?@M¼?BA=CqCH476�<34RC�8qFH?:J3CH?3L@2O4RM�8u?Be�F+I34 ì 4 c ?@;=<��?BA=;=<K?Be=F+I34 � C�6�;@G�6�;��T67F+I347M:6�FHG c 6R2 1 2 >3M�J3G�6�< �����B� ï�G �@4R;�67FF� �������\�@�5
R��� `
ë `�� I34D894��BAv4R; c 4 {an} GO8]<347�=;=4�<�LR> a0 = 2 í a1 = 1 í 6R;=< an+1 = an + an−1e�?@C

n ≥ 1
`Nì I3?�} F+I@67FqG�e

p
G�8u6�J=C�GOM:4~e56 c F�?@C�?Be

a2k − 2 í F+I34R; p
GO8u6"e56 c F�?@C$?Be

a2k+1 − 1
`

O���'*_���/ C�D �	�*681��H' ZP3���3&�9'�'��!IQ¶K�^(����$I 	��B3��P6����`3��P/ �$�����7���Z=���7�$ 7:����H����I �X3��9 &���� �
Y�3�[�B�*��I 	��B3��P6���<�>?�G@A�B &�$#&��_�� ZP3���3&�9'�'�� �  %�BR�,K�� ��)�"�*���$I$S���'9'*�$����/?C�D4Z=���7�� �:��*�!�"���  �<

� I34P894��BAv4R; c 4 {an} G�8 F+I34Ò��A c 6�8"8-4R�@Av47; c 4 í ?Be�F�47;Ò6�8*8-? c G�67FH4�<P}NGEF+I�F+I34! GOL=?@;36 c+c Gv8-4R�@Av47; c 4 {fn} <=4��v;=4R<:LR> f0 = 0 í f1 = 1 í 6�;=< fn+1 = fn + fn−1e�?@C
n ≥ 1

`Na 8uGO8$} 472E2J��;=?�}£; í an = αn + βn 6�;=< fn = 1√
5
(αn − βn) í e�?@C

n = 0 í 1 í 2 í . . . í } I34RCH4 α = 1+
√

5
2

6R;=<
β = 1−

√
5

2

` ¢b?�FH4uF+I@67F
α + β = 1

6R;=<
αβ = −1

`�! CH?@M F+I3478-4NCH478*A32�FH8 í F+I34Ne�?B2E25?�}NG�;=ïbe�?@CHM�A32�6�8q6RCH4£CH476�<BG�2 >:<34�<BA c 4R< �
a4n+2 − 2 = a2

2n+1 í � � �
a4n+3 − 1 = a2n+2a2n+1 í � � �

a4n − 2 = 5f2
2n í � � �

a4n+1 − 1 = 5f2nf2n+1

` � � �
ì A=J=J=?@8-4��vC�8�F�F+I@67F

k
G�8£?3<=< í 8*6�> k = 2n + 1

e�?@Cu8-?@M:4
n ≥ 0

`�� e
p
G�86:J3CHG�MK4"e56 c FH?@Cu?Be

a2k − 2 = a4n+2 − 2 í F+I34R; í e5CH?@M � � � í p G�8D6�J=C�GOM:4�e56 c F�?@C?Be
a2

2n+1

6R;=<ÎI34R; c 4�?Be
a2n+1

`�� I34RCH4�e�?@CH4 í e5CH?@M � � � í p
GO8"6üJ3CHG�MK4�e56 c F�?@C ?Be

a2k+1 − 1 = a4n+3 − 1
`ì GOM�G�2�6�C�2�> í G�e k G�8t4-�@47; í } 4b<=4R<@A c 4ue5CH?@M � � ��F+I@67F�6DJ3CHG�MK4�e56 c F�?@C�?Be

a2k −2GO8
5
?@CN6�J3CHG�MK4Ke56 c F�?@C£?Be

f2n

` � ;T6R;�> c 6R8-4 í 6�8 � � �b89I3?�}£8 í F+IBG�8~J3CHG�MK4Ke56 c F�?@C<@G �@GO<=478
a2k+1 − 1

`
Q �^(� �/A���A�P���$ %3A(� t ��A' � 3�,A,����$681P�4/A�0Z=���7�� �:��*�!�"�=<

1 ;�J=?@8-4
Un = an−1an+1 − a2

n

` 1 ;�6�<BGOCH4 c F�47MK47;BF
U1 = 5

` ��F í J=?BA=CF�?BA@F
n ≥ 1 í G�2@�BG547;BF �

Un+1 = anan+2 − a2
n+1 = anan+1 + a2

n − a2
n+1

= an+1(an − an+1) + a2
n = an+1(−an−1) + a2

n = −Un

`
1B6�C c ?@;38��4��BAv4R;BF í Jv?BA=CgFH?BA@F n ≥ 1 í ?@;�6 Un = 5(−1)n−1 í ?BAK4R; c ?@CH4

an−1an+1 − a2
n = 5(−1)n−1 ` � � �

ì ?BGEF
p
A=;K;=?@M:L3CH4 J3CH4RM�G547Cq�BA3Gs<BG��BGO894

a2k − 2 �
<3?@; c

a2k ≡ 2 (mod p)
`�u� 6RJ=C�ð4R8 � � � í ?@;d6 a2

2k − 5 = a2k−1a2k+1 = (a2k+1 − a2k)a2k+1 í J@A3GO8
−1 ≡ a2

2k+1 − 2a2k+1 (mod p) í ?BA�47; c ?@CH4 (a2k+1 − 1)2 ≡ 0 (mod p)
`a GO;38+G í p <@G �@G�8-4 a2k+1 − 1 í c ?@M:M:4£<��478*G�C��4 `¤ ` �R4�F

A
L34q6$Jv?BG�;BF0?BA@F�8*GO<=4tF+I34 c G�C c 254

Ω
`s� I34tFH6R;=ï74R;BF�8�e5CH?@M

A
FH?

Ω
F�?BA c I

Ω
6�F

B
6R;=<

C
`�a F�6�;=ï747;BF

L
FH?

Ω
GO;BFH4RC�894 c F�8

AB
6R;=<

AC
6�F

P
6�;=<

Q í CH4R8*Jv4 c FHG��@4�2�> `� I34N2�G�;=4£J36�C�672�2O472=FH?
AC

J=6R898+GO;=ïuF+I@CH?BAvï7I
P
MK4R4�F�8

BC
6�F

R
` 1=CH?7�@4DF+I@67Ft6�8

L�B6�C�G5478 í QR
J=6R89894R8tF+I@CH?BAvï7I�6N��î�4�<�Jv?BG�;BF `
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aP��MTMN�&���`C�D �U��681P�!'KZP3$�"3���'9'*��I.¶K�^(����$I�	��B3��P6���<
� IBG�8qJ3CH?3L@2O4RMGO8];=?�F�;=4X} `�� FgGO8]J3CH?3L@2O4RM ������ � � �������\�������

�
�����B����5
R��� � `� } ?�<@G��047CH4R;BFt89?B2�A@FHGO?@;38�} 4RCH4£ï�G��@47;�GO;"F+I34"�T6�> �����B� GO8*8*Av4 `

ö ` ! G�;=<�F+I34P8*M:672�2O4R8�F£J=?@8*G�FHG��@4KGO;BFH4�ï747C
n
e�?@Cb} IBG c I�F+I34�e�?B2E25?�}NG�;=ï c ?@;=<BGEFHGO?@;I3?B25<@8 � ! ?@C£4-�@4RCo>��v;@G�F�4�894�F£?Be]Jv?BG�;BFH8 G�;�F+I34�J@2O6R;=4 í GEe í e�?@C£4-�@47Co> n

Jv?BG�;BFH8 G�;F+IBGO8t894�F í F+I347CH4N4+î�G�8+F0F } ?£2�G�;=4R8 c ?R�@47CHG�;=ïb672�2 n Jv?BG�;BFH8 í F+I34R; F+I347CH4N4*îRGO8�F0F } ? 2EGO;=478c ?7�@4RC�GO;=ïD6R2E2vJv?BG�;BFH8]GO;"F+I34N8-4�F `
O���')($�"�*���?,�3�� �$�����7���4Z=���7�$ 7:����H����I��X3��9 &���� ��Y�3�[�B�*��I�	��B3��P6���<

�R4£J@2�A=8qJv4�FHGEFt4R;BFHGO4RC
n
c I347C c I��4 4R8�F

n = 6
`ì ?BGEF E5

2�� 4R;3894RM:L@2O4be�?@C�MQ�4N<=478]Jv?BG�;BFH8
A(0, 0) í B(2, 0) í C(2, 2) í D(0, 2) í

M(0, 1)
4�F

Ω(1, 1)
` �R4R8ü8 c I0�47M:6R8ü8*A3G �B6�;BF�MK?@;BF�CH47;BFP�@Av4ÎFH?BA@F�4�J36�C FHG54²ð6

5�4�2H�47MK47;BFH8$<34 E5
J=47A@Fuó4�F�CH4NCH4 c ?BAB�@4RC F�4£J36�C]<347A�î~<3CH?BG�F�478 `
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1B6�C c ?@;BF�CH4 í E5
;=4uJ=47A@F]ó4�F�CH4�CH4 c ?BAB�@4RC F�J=6RC�<347A�îD<@CH?BGEFH4R8 � 4R; 4,�s4�F í c ?@M�MK4

E5
;=4 c ?@;BFHG547;BF$J=6R8b�@A=6�F�CH4"Jv?BG�;BFH8u672�GOï�;��4R8 í F�?BA@FqCH4 c ?BAB�3CH47MK47;BF"�4��@47;BFHAv4720<=4 E5J=6RCN<=4�A�îP<@CH?BGEFH4R8£894�e�4RC�67GEFDJ36�CD<=4�A�îP<@CH?BGEFH4R8 c ?@;BFH4R;36R;BF c I@6 c A=;=4�F�CH?BGO8NJv?BG�;BFH8 `�R4�8-4�A32uï�CH?BA=J=4T<34üF�CH?BG�8�Jv?BG�;BFH8:672�GOï�;��4R8 c ?@;BFH4R;36R;BF

M
4R8�F

A í M í D
`ga GO;38+G íc � 478+Ft;��4 c 47898*6RG�CH4RM:4R;BFg2�� A=;K<34R8$<347A�î~ï�CH?BA=Jv478��BA3G�<��47�=;@GEF�A=;=4£<=478�<347A�î~<@CH?BGEFH4R8 `�B� 67A@F�CH4D<=?BG�F�6R2O?@C�8�J36�8*8-47C�J=6RC�2O4R8�F�CH?BGO8gJv?BG�;BFH8�CH478+F�6�;BF í M�6RG�8 c 47A�î�� c G@;=4u89?@;BF�J36�86R2EG5ï�;��478 `=� 472�6£J=CH?BAB�@4 �BAv4

n = 5
;�� 6 J36�8]2�6 J3CH?@J=C�GH�4�F7�4 <��4R8+GOC��4�4 `

1 ;�J=CH?BAB�@4:M:67GO;BFH4R;36R;BF
n = 6

J=?@898�ð4�<34�2O6:J=CH?@J3CHGH�4�F��4K<=4�2����4R;=?@; c �4 `�� 4�2O6�4�FH6R;BF í G�2 c ?@;��@GO4R;BF]<�� G�;BF7�4RCHJ=C��4�FH4RC c 4�F�F�4 c ?@;=<BGEFHGO?@;:4R; �
! ?@C�4-�@4RCo>~�=;@GEFH4b8-4�F�?Be=67F�25476�8�F

n
Jv?BG�;BFH8�G�; F+I34bJ32�6�;=4 í G�e í e�?@Cg4-�@4RCo> nJv?BG�;BFH8]G�;"F+IBGO8q8-4�F í F+I347CH4 4*îRGO8�FgF } ?~2�G�;=4R8 c ?R�@47CHG�;=ïN672�2 n J=?BGO;BF�8 í F+I347;F+I34RCH4£4*îRGO8�FgF } ?~2�G�;=4R8 c ?R�@47CHG�;=ïN672�2vJ=?BGO;BF�8]GO;"F+I34£894�F `

ì GO;=?@; í G�2B;�� 4*îRGO8�F�4u67A c A=;"47;BFHG547C����47CHGE�v6R;BF02O6 c ?@;=<BGEFHGO?@;~<=47M:6R;=<��4R4 � J3CH4R;=<@CH42�� 4R;3894RM:L@2O4P<=478"8-?@M�MK4�FH8"<�� A=;ÒJv47;BFH6�ï7?@;=4PC��4�ï�A32EG547C ` 1@?BA=C
n ≥ 6 í GE2];�� 4*îRGO8�F�46RA c A=;�4R;3894RM:L@2O4"<34

n
Jv?BG�;BFH8u<@6�;38 c 4�F$47;38-47MKLB254~<=?@; c 2O4R8$J=C��4RM�GO8*8-478�8-?@;BF�F�C�G5��@G�6R2O4RM:4R;BF3���47CHGE�g�4R4R8 í M�6RG�8s2o� 47;38-47MKLB254];=4qJ=47A@Fgó4�F�CH4]CH4 c ?BAB�@4RC FsJ36�C�<347A�î�<3CH?BG�F�4787� `ì ?BGEF E A=;�4R;3894RM:L@2O4£<�� 67A�MK?BG�;38 6

J=?BGO;BF�8�F�4�2v�@Av4bFH?BA@F�89?BA=8-�*4R;3894RM:L@2O4N<=4
6
Jv?BG�;BFH8$<34 E J3A3G�89894�ó4�F�CH4NCH4 c ?BAB�@4RC F]J36�C]<347A�î~<3CH?BG�F�478 `ì ?BGEF F ⊂ E í 6��@4 c |F| = 6

`�� ?@M:M:4 F J=47A@F�ó4�F�CH4�CH4 c ?BAB�@4RC F£J=6RC <347A�î<3CH?BG�F�478 í 2O4�J3CHG�; c GOJ=4�<=478uFHG�CH?BGOC�8b6R898+A=CH4��BAs� 67AüMK?BG�;38�F�CH?BGO8D<=478DJ=?BGO;BF�8D<=4 F í 4�F<=?@; c <34 E í 89?@;BFq6R2EG5ï�;��478 ` �tG�8-?@;38u�@Av4 A í B í C 89?@;BFtF�CH?BGO8�Jv?BG�;BFH8 í <347A�îüð6�<347A�î<@G�8+FHG�; c FH8 í 6R2EG5ï�;��478$4�Ft6RJ=J36�C F�47;36�;BFNð6 E ` 1 ;�;=?�FH4 ∆
2O6 <@CH?BGEFH4

(AB)
`ì G E − ∆

;=4 c ?@;BFHGO4R;BFqJ36�8�J@2�A=8u<=4~<=4�A�î�Jv?BG�;BFH8 í 6725?@C�8 E J=47A@F c 2O67GOCH47MK47;BFó4�F�CH4NCH4 c ?BAB�@47C�FtJ36�Ct<=4�A�î~<3CH?BG�F�478 `3ì G E − ∆
c ?@;BFHGO4R;BF�6RA�MK?BG�;38tF�CH?BG�8£�4�2H�47MK47;BFH8 �ì ?BG547;BF

X
4�F

Y
<=4�A�îNJ=?BGO;BF�8t<@G�8+FHG�; c FH8t<@6�;38 E −∆

` 1 ; ;=?�F�4
∆′ 254b<@CH?BGEFH4 (XY )

`



�&���

1@?BA=C�FH?BA@FgJ=?BGO;BF
M ∈ E − ∆ í 6RA@F�CH4D�@Av4 X

4�F
Y í 2o� 47;38-47MKLB254ue�?@C�MQ�4D<=478tJv?BG�;BFH8

A í B í C í X í Y í M Jv4�A@F~ó4�F�CH4�CH4 c ?BAB�@4RC FbJ=6RCD<347A�î�<3CH?BG�F�478 `0ì Gg67A c A=;=4K<34 c 4R8<=4�A�îb<@CH?BGEFH4R8�;�� 478+F
∆ í c 472E254$�BA3G�CH4 c ?BAB�3CH4 A

;=4$CH4 c ?BAB�@CH4$;@G
B
;@G

C
` �q?@; c 2o� 67A@F�CH4<=?BG�FtCH4 c ?BAB�3C�GOCDð6N2�6Ne�?BGO8

B
4�F

C í M�6RG�8q6R2O?@C�8 c � 4R8�F ∆ í A=;=4 c ?@;BF�C�6�<BG c FHGO?@; `a GO;38+G í 2o� A=;=4 <34R8�<347A�î"<@CH?BGEFH4R8$4R8�F ∆
` 2�� 6RA@F�CH4 <=?BG�Ft;��4 c 4R8*8967GOCH47MK47;BF]CH4 c ?BAv��3C�GOCg25478qJv?BG�;BFH8

X í Y 4�F
M í c 4 �BA3G�J=CH?BAB�@4 �BAv4 M ∈ ∆′ `1B6�C c ?@;38��4��BAv4R;BF í F�?BA@F�J=?BGO;BF�<34 E 6�J3J=6RC�FHGO4R;BF�ð6 ∆

?BAPð6
∆′ í 4�F�<3?@; c E J=47A@Fó4�F�CH4£CH4 c ?BAB�@47C�FtJ36�C]<347A�î~<3CH?BG�F�478 `

ù ³ �R4�F
a í b í 6�;=< c

L=4�Jv?@8+GEFHG �@4�CH4R672@;@A=M:L=47C�8t8+A c INF+I@6�F
a2 +b2 +c2 +abc = 4

`1=CH?R�@4bF+I@67F
a + b + c ≤ 3

`
O���'*_���/ C�D �	�*681��H'NZP3$�"3���'9'*��II¶J�^(5�&��I 	��83���67� � �$�����7��� Z=���7�� �:��*�!�"�$I �X3��9 &���� �
Y�3�[�B�*��I 	��83���67� ��V&�� ¡¯�%Y$(��9 Ey¯� 3&: ��ZP3��7���&����I��=�5��_����B ��)�"3$���^��'9���Zµ��68�5��6)3�/A� a$3���3&'B(��^D�3�I
ZP3���6��H'����$3�I O&,�3&�����-3��P/	]^��/P(�'"3 Q <�� (��H��D�IGE��5_��&�8I	��L I �KO!L�<G>?�4@^�) ��J#&��_��T�21P�
 &��')($�"�*���N��SJEy¯� 3&: ��ZP3��7���&����I-(� ��"�$#F3?6)'�3� t ���6G681$3���#��4��SK_�3��B��3�C�'��! 3��P/0#�����MN���2�8DA<

ì 4�F�FHG�;=ï
a = 2 cos A í b = 2 cos B í 6R;=< c = 2 cos C í }NGEF+I A+B+C = π í} 4 I@6��@4

a2 + b2 + c2 + abc

= 4 cos2A + 4 cos2B + 4 cos2(A + B) − 8 cos A cos B cos(A + B)

= 4 cos2A + 4 cos2B − 4 cos2A cos2B + 4 sin2A sin2B

= 4 sin2B(cos2A + sin2A) + 4 cos2B = 4
`

� 6���G�;=ï�GO;BFH? 6 c�c ?BA=;BF ��A32547C-� 8 � ;=4��BA=6R2EGEFo> í R ≥ 2r í 6R;=<£F+I34$} 4�2�2O�t��;=?�}£; G5<34R;BFHG�F�>
cos A + cos B + cos C = 1 +

r

R
í } 4£ï74�F

a + b + c = 2(cos A + cos B + cos C) = 2
(
1 +

r

R

)
≤ 3

`
¢b?�FH4DF+I@6�F]4��BA=6R2EGEFo>:I3?B2O<38�} I34R;

a = b = c = 1
`

Q �8RA�`����#&��_��4�21��� ���'B(��"����� ��S � (��H�2D$<
��GEF+I3?BA@FN2O?@898"?Be$ï747;=4RC�672�G�F�> í } 4�6R898+A=MK4:F+I@67F 0 < a ≤ b ≤ c

`! CH?@M
a2 + b2 + c2 + abc = 4

} 4P<=4R<@A c 4�F+I@6�F
0 < a ≤ 1 í 0 < b < 2 í 6�;=<

1 ≤ c < 2
` ¢b?�}

c2 + c(ab) + a2 + b2 − 4 = 0
G�8$6"�@A=6�<3C�6�FHG c 4��BA=67FHGO?@;:G�;

c6�;=<"F+I34NJv?@8+GEFHG �@4NCH?3?�F�G�8
c = 1

2

(
−ab +

√
(4 − a2)(4 − b2)

) `
 47; c 4 í a + b + c ≤ 3

G�e�6R;=<:?@;@2�>"GEe
√

(4 − a2)(4 − b2) ≤ 6 − 2a − 2b + ab
` � � �

! CH?@MF+I34 a � � Bq� � ;=4��BA=6R2EGEFo> í } 4£I@6��@4
√

(4 − a2)(4 − b2) ≤ 1
2

(
8 − (a2 + b2)

) `



�&��

�P4£;=?�}²J3CH?R�@4bF+I@67F
1
2

(
8 − (a2 + b2)

)
≤ 6 − 2a − 2b + ab

` � � �
� IBG�8�GO;=4R�@A=672�G�F�>�GO8u4��BA3G��B672547;BF]FH?

(a + b)2 − 4(a + b) + 4 ≥ 0 í } IBG c I�e56 c F�?@C�86�8
(a + b − 2)2 ≥ 0

`$� IBA=8 � � �gG�8qF�CHAv4 `q� I347; � � �gG�8qF�CHAv4 ` �3�BA=6R2EGEFo>:G�8�67F�F�6RG�;=4�<} I34R;
a = b = c = 1

`

! G�;36R2E2�> í } 4b2O?3?$�N67Fg89?B2�A@FHGO?@;38�e5CH?@M ?BA=C�CH4R6�<=47C�8�F�? J=CH?3LB2547M:8q?Be@F+I34 � IBG�CH<��?BA=;=<£?BeRF+I34 � C�6R;@GO6R;"�T67F+I347M:6�FHG c 6R2 1 2�>@M:J@GO6�< �����B� ï�G��@47;DG�;�� �������F�X�5
R�����5
!�5� `
ë `�! G�;=<�672�2vCH476R2vJv?B2 >3;=?@M�GO672O8

P (x)
8+A c I~F+I@67F

P (a) ∈ � G�M:J@2�GO4R8tF+I@6�F a ∈ � `
O���')($�"�*���?,�3�� �$�����7���4Z=���7�$ 7:����H����I��X3��9 &���� ��Y�3�[�B�*��I�	��B3��P6���<

�R4R8�89?B2�A@FHGO?@;38�89?@;BFd2O4R8�J=?B2�>@;�ó?@MK478 c ?@;38�FH6R;BFH8'4�F c 47A�î <=42O6 e�?@CHMK4
P (x) = (x + b)/c í ?�ðA b

4�F
c
89?@;BF]<347A�î~4R;BFHGO4RC�8q6��@4 c

c 6= 0
`

� 2Q478+F�e56 c GE254 <34 ���4RC�G��v4RCd�BAv42O4R8¡J=?B2�>@;�ó?@MK478 c G5�*<=47898+A=8 c ?@;��BG547;3;=4R;BF4,�s4 c FHG �@4RM:4R;BF `ì ?BGEF
P
A=;£J=?B2�>@;�ó?@MK4q;=?@; c ?@;38�FH6R;BFs6�>B6R;BF�2O6$J3CH?@J=C�GH�4�F7�4�<34q2o���47;=?@; c �4 ` � A3G�F�F�4ð6 c I@6R;=ï74RC

P
4R; −P í ?@;�Jv4�A@Ft8*A=J3Jv?@894RCt�@Av4

lim
x→+∞

P (x) = +∞ ` � � �
n �#*�� ` 1 ;�8+A=J=J=?@8-4£�@Av4

P
478+F]<34 <34�ï�C��4£6RA:M:?BGO;38£�4Rï�6R2�ð6

2
`�u� 6RJ=C�ð4R8 � � � í ?@;�6 6725?@C�8

lim
x→+∞

P ′(x) = +∞ ` � � �
�u� 6RJ=C�ð4R8 � � �]4�F � � � í 4�F$J@A3GO89�@As� G�2s8�� 6�ï�GEF$<=4~J=?B2�>@;�ó?@MK478 í GE204+î�G�8+FH4"<3?@; c A > 0

FH472�@Av4
P
4�F

P ′ 89?BG547;BF�8+F�C�G c FH4RM:4R;BF c CH?BG�898*6�;BF�8�8+A=C [A, +∞)
`R� ?BABõo?BA=C�8t<�� 6�J3C�ð478 � � � í?@;�Jv4�A@FN�4Rï�6R2O4RM:4R;BFt8+A=J=J=?@8-47C]�BAv4

P ′(x) > 2
J=?BA=C

x ≥ A
` � � �

ì ?BGEF
q
A=;T4R;BFHGO4RCuFH472��@Av4

q ≥ P (A)
` �u� 6RJ=C�ð4R8£2�6�J3CH?@J=C�GH�4�F7�4�<=4:2o���47;=?@; c �4�4�Fb254F+I��4�?@C�ð4RM:4�<=478N�B6R2O47A=C�8 G�;BF�47C�MQ�4�<BGO6RCHGO4R8 í Jv?BA=CbF�?BA@F£47;BFHG547C n ≥ 0 í GE2]4+î�G�8+FH4KA=;4R;BFHGO4RC

xn ≥ A
FH472��BAv4

P (xn) = q + n
` � � �

13A3GO89�@Av4
P
4R8�F"8+F�C�G c FH4RM:4R;BF c CH?BG�898*6�;BF"8+A=C

[A, +∞) í 2O6�8*A3G�F�4 {xn} 478+F"<=?@; c8+F�C�G c FH4RM:4R;BF c CH?BG�898*6�;BFH4 ` �@;�J36�C FHG c A32EG547C í 8�� 6�ï�GO8*896R;BF]<�� 47;BFHG547C�8 í ?@;�6
xn+1 − xn ≥ 1

Jv?BA=CgFH?BA@F
n ≥ 0

` � � �

�u� 6RJ=C�ð4R8�2O4£F+I0�4R?@C�ð47MK4~<=478u6 c�c CH?BGO8*8-47MK47;BFH8$�=;@GO8 í Jv?BA=CtFH?BA@F$4R;BFHGO4RC n ≥ 0 íG�2s4*îRGO8�F�4
yn ∈ [xn, xn+1]

FH472s�@Av4
P (xn+1) − P (xn) = (xn+1 − xn)P ′(yn)

`



�����

�u� 6RJ=C�ð4R8 � � ��4�F � � � í ?@;�6~<3?@; c P (xn+1) − P (xn) > 2
` �T6RG�8 í <�� 6RJ=C�ð4R8 � � � í ?@;:6

P (xn+1) − P (xn) = 1 í A=;=4 c ?@;BF�C�6�<@G c FHG5?@; `�� 2�;�� 4+î�G�8+FH4~<3?@; c 67A c A=;KJ=?B2�>@;�ó?@MK4<=4 <34�ï�C��4£8+A=J��47CHGO47A=C]?BAQ�4Rï�6R2�ð6
2
Jv?@8*8��4R<36R;BF�2�6 J3CH?@J=C�GH�4�F7�4 <��4R8+GOC��4�4 `

n �#* ã ` 1 ;:8*A=J3Jv?@894"�BAv4
P (x) = αx + β í ?gðA α

4�F
β
89?@;BF$<34R8�C��4�4�2O8u4�F

α > 0
`a 25?@C�8 í <�� 6�J3C�ð478]2O6DJ=CH?@J3CHGH�4�F��4N<=4b2����4R;=?@; c �4 í G�2�8q4+î�G�8+FH4R;BF�<=4�A�î~47;BFHG547C�8 x0

4�F
x1
FH472�8�@Av4

P (x0) = 0
4�F

P (x1) = 1
` �q?@; c

αx0 + β = 0
4�F

αx1 + β = 1 í <�� ?gðA
α(x1 − x0) = 1

` 1 ;�6
x1 − x0 > 0 í J@A3GO89�@Av4 α > 0

`=ì ?BGEF
c = x1 − x0

`�a 2O?@C�8
α = 1/c

4�F
β = −x0/c í c 4"�BA3G0J3CH?BAB�@4��@Av4 P

4R8�F�LBG547;�<=4 2O6~e�?@CHMK4~6R;3;=?@; c �44�Ft6 c I�ð4��@4N2�6 <��47MK?@;38�F�C�67FHGO?@; `
¥ `�� ;"6bF�C�GO6R;=ï�254

ABC í <347�=;=4 Ca
F�?~L=4uF+I34 c G�C c 254�F�6�;=ï747;BF�F�?

AB í F�? AC í 6R;=<F�?:F+I34~GO; c G�C c 254�?BesF+I34~F�C�GO6R;=ï�254
ABC í 6R;=<�2O4�F ra

L34~F+I34"C�6�<BG�A=8D?Be
Ca
` �q4��v;=4

rb
6�;=<

rc
GO;�F+I34:8*6�M:4~}£6�> ` 1=CH?R�@4"F+I@67F

ra + rb + rc ≥ 4r í } I34RCH4 r
GO8bF+I34GO;3C�6�<@GEA=8�?BevF+I34DF�C�GO6R;=ï�254

ABC
`

O���')($�"�*��� C�D �U��681P�!'JZP3���3&�9'�'��!I.¶K�^(����$I�	��B3��P6���<
� I34Pï�G��@47;TGO;=4R�@A=672�G�F�>QG�8~e5672O894 � e�?@C 4+îR6�M�J32O4

ra = rb = rc = r
3

GO;Ò6R;4��BA3G�2�67FH4RC�672=F�C�GO6R;=ï�254!� ` �P4u}NG�2E2vJ=CH?7�@4NGO;38�F�476�<~F+I@67F
ra + rb + rc ≥ r
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ra/r
`  4R; c 4 í GEe I

G�8uF+I34�G�; c 47;BF�CH4�6�;=<
Ia
GO8uF+I34 c 47;BF�CH4:?Be

Ca í } 4 I@6��@4 −−→
AIa =

ra

r

−→
AI í } IBG c I c 6R;:L=4£CH4X}£CHG�F�F�47;�6�8

−→
IIa =

(
ra

r
− 1

)−→
AI

`
ì GO; c 4

ra < r
6R;=<

IIa = r + ra í GEFge�?B2�2O?�}£8tF+I@6�F
ra

r
=

AI − r

AI + r
=

2AI

AI + r
− 1 =

2

1 + (r/AI)
− 1 =

2

1 + sin(A/2)
− 1

`
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rb
6R;=<

rc
`�� IBA=8 í } 4£894�4bF+I@6�F � � ��GO8$4R�@A3G �B6R2O4R;BFgF�?

1

1 + sin(A/2)
+

1

1 + sin(B/2)
+

1

1 + sin(C/2)
≥ 2
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� I34]eOA=; c FHGO?@;

f(x) = 1/(1+sin x)
GO808�F�CHG c FH2�> c ?@;��@4*î�?@; (

0, π
2

) � G�FH808-4 c ?@;=<<=47CHG �B67FHG �@4 G�8
f ′′(x) = (1 + sin x)−3(1 + sin x + cos2 x) í } IBG c I�G�8�J=?@8*G�FHG��@4!� �I34R; c 4 í

f
(

A

2

)
+ f

(
B

2

)
+ f

(
C

2

)
≥ 3f

(
A + B + C

3

)
= 3f

(
π

6

)
= 2
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A = B = C �F+I@67F�G�8 í G�e�6R;=<:?@;@2�>"GEe 4ABC
G�8$4��BA3G�2�67FH4RC�672 `
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f(x) =
√

8x − x2 −
√

14x − x2 − 48
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X−1

N
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�
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XR

GO; F+I34uF�6�LB254NL3472O?�} `�� FH8�F�C�G�2EGO;=476�C c ?3?@CH<BGO;36�F�478]6�CH4
α : β : γ

} I34RCH4

α =
2U2

cos B + cos C
− U1 cos A í β =

2U2

cos C + cos A
− U1 cos B í

6�;=<
γ =

2U2

cos A + cos B
− U1 cos C í
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}NGEF+I
U1 =

a

cos B + cos C
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b

cos C + cos A
+

c

cos A + cos B6�;=<
U2 = a cos A + b cos B + c cos C

`
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GO;BFH4RC�894 c FHGO?@;

Z Z′ Jv?BG�;BF]?@; ��A32547C ?Be
ZZ′ }NGEF+I ��A32547C

2EGO;=4£?Be 4ABC
2�G�;=4 ?Be 4ABC
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X3065 = X−1

484 X21
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XR

X13

� � 8�F
X14
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X4 X1263 X5
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X3 X74 = X−1
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399 X30
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� � 8+F
X−1

617 S1
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X−1
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X3
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(A, B, C, H, X1, X3065, X21) í F+I34bJv?BG�;BF�?Be c ?@; c A=C��CH4R; c 4NG�8
X11
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� ` ! ?@C�F+I34 ì�c IBG��K4RC ì 4�F
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! GOï�A=CH4 ���
F = X13

<=4�F�47C�M�GO;=478]F+I34 �BA32O4RCg2�G�;=4R8tF+I@6�FtMK4R4�Ft6�FgF+I34 c 4R;BF�CH?BGO<
G



�����

� I34£�vC�8�F ! 47C�M�67F]Jv?BG�;BF
F = X13

G�8qF+I34£G�;BF�47C�8-4 c FHG5?@;K?Be�F+I34£2EGO;=478]õo?BG�;@GO;=ïF+I34D�@47C�FHG c 478�?Be 4ABC
F�?~F+I34£CH4RM:?�F�4b�@4RC FHG c 4R8

A1 í B1 í 6R;=< C1
?Be04R�@A3GE2O6�F�47C�6R2F�CHG�6�;=ï�2O4R8~47CH4 c FH4�<Q4+îRFH4RCH;36R2E2�>�?@;üF+I34�?@J3Jv?@8+GEFH4K8+G5<34R8 � 8-4R4 ! GOï�A=CH4 � � `P� I34 c 4R;=�F�CH?BG5<@8

B2
?Be 4AB1C í GB

?Be 4FAC í 6�;=< G
?Be 4BAC

6RCH4�4R6 c I�?@;=4 F+IBG�CH<?Be3F+I34$}£6�> e5CH?@M F+I34bM�GO<=�+Jv?BG�;BF�?Be
AC

F�?NF+I34D?@J=J=?@8*G�F�4q�@4RC FHG c 4R8 í } IBG c I£GOM�J32EG5478F+I@67F
B2GB

6�;=<
B2G

6RCH4�J36�C�672�2O472�F�?
B1B

� } IBG c I c ?@;BFH67GO;38
F
LR>P<=4��v;@G�FHG5?@;�� `� I@6�F]G�8 í GB

2EG5478�?@;
B2G

`b� A@F
B2

G�8qF+I34 c G�C c A=M c 4R;BF�CH4~?Be 4AFC �
F+IBA=8 í B2GGO8$F+I34 �BA32O4RCq2EGO;=4"?Be 4AFC

`Dì GOM�G�2�6�C�2�> í C2G
6�;=<

A2G
6RCH4 F+I34 �BA32O4RC]2�G�;=4R8b?BeF�CHG�6�;=ï�2O4R8

ABF
6�;=<

BCF
`�� I347CH47e�?@CH4 í Jv?BG�;BF F

4,�s4 c F�8]F+I34 c ?@; c A=C�CH47; c 4 ?Be�F+I34
�BA32O4RCg2�G�;=4R8q67F�F+I34 c 4R;BF�CH?BGO<:?Be 4ABC

`� I34Q896RMK4�6�CHï�A=M:4R;BF�8-I3?�}£8�F+I@67F~F+I34Q8-4 c ?@;=< ! 4RCHM:6�F�J=?BGO;BF
X14 í c ?@;=�8+F�C�A c F�4R<DA=8*G�;=ïq4��BA3G�2�67FH4RC�672RF�C�GO6R;=ï�25478g47CH4 c FH4�<bGO;BFH4RCH;36R2E2�>N?@;bF+I34$8+G5<34R8�?Be 4ABC í2�G"��4�}NG�8-4£<34�FH4RCHM�G�;=4R8 �BA32O4RCg2�G�;=4R8tF+I@6�FtMK4R4�Ft6�F

G
`� I34 J=CH?3?Be�F+I@67F

P = X3
6�;=<

P = X74
L3?�F+IK<34�FH4RCHM�G�;=4 ��A32547Ct2�G�;=4R8qF+I@6�FGO;BFH4RC�894 c FqGO;:F+I34 c G�C c A=M c 4R;BF�CH4

X3
G�8�254�e�F]F�?�F+I34"CH476�<34RC ` � FqG�8u2O4R8*8 c ?@M�J32EG c 67FH4�<F+I@6�;"F+I34£6�L=?7�@4£J3CH?3?Be `

� æ � æ�è*æ����Xæ�*
� �&��� �@?@; c ?

Č
4RC�GO; í � I34�¢b4�AvL=47CHï c AvL@G c G�;�25? c A=8$J3CH?3L@2O4RM�8 í �X3$�21.< ��3��A�P�����*6B3

� � � ������� � í ����&������� `
� �&� � 47C�;36RCH<(B�GOL=47C�F í ¢u47AvL34RCHï c AvLBG c } 4�L�J36�ï7478I�F�F�J � � ��J=4RC�89? ` ?@C�6�;=ï74 ` e5C ��L=47C�;36RCH< ` ï�GOL=47C�F ���Rî�47M:J@25478 ��� ���B� ` I�F�M�2I�F�F�J � � ��J=4RC�89? ` ?@C�6�;=ï74 ` e5C ��L=47C�;36RCH< ` ï�GOL=47C�F � � 6�L@2O4R8 �7F�6�LB254 �� ` I�F�M�2 `
� �&� � 2O6RC��%CsG�MKL34RC�2�G�;=ï í ����6BD�6)'���,K��/���3��S �&�B��3��$#&'��?aP���.�*�&�) `I�F�F�J � � �Re56 c A32EFo> ` 4-�B6R;38��@GE2�2O4 ` 4R<@A � c � � ��47; c > c 2O?@Jv4R<@G�6 ��� �=��` I�F�M�2 `
� ��� !�` �Ò?@C�254->i6R;=< !�` @ ` �Ò?@C�254-> í �*�P_��&�) ��*_�� ´J����MN���2�7D í 1 îRe�?@CH<d $;@G��@47C�8*G�F�>1=CH47898 � ������ � `

� ?34ABg?3ï7ï�GO;38��� � ?�}N2EGO;=ï�BgCH4R4R;P��?@6�<�PIBG�F�4�GO; c I
B�2O6R8-ï7?�} B ���d ¢b ì�c ?�FH2�6�;=< í   ` C `

joergoggins@hotmail.co.uk
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� � �£HKJ MSJ%T0T���� �E � �#P��
x2 − (k2 − 2)y2 = 2t

� ��� !�%	�~!�/ 
�u,

� 
 É�Ð�Ç � Ù0Ø Ï ÐRÈ � É �
�R4�F

d 6= 1
L34b6DJ=?@8*G�FHG��@4u;=?@;=�*89�@A=6RCH4uGO;BFH4�ï747C�6�;=<

N
L34b6�;�> ��î�4�< Jv?@8+GEFHG �@4GO;BFH4�ï747C `�� I347;�F+I34 4R�@A=6�FHG5?@;

x2 − dy2 = ±N
� � ` � �

GO8���;=?�}£;K6�8 .R1@4�2�2o� 8u4R�@A=6�FHG5?@; 0b6Re�FH4RC � ?3I@;�1@472E2 � ���B��� � �����5� � í } I3?�8-476�C c I34R<:e�?@CGO;BFH4�ï747C$89?B2�A@FHGO?@;38qF�?K4��BA=67FHGO?@;38b?BesF+IBG�8$Fo>3J=4 `�� CH?@;@G c 672�2 > í 1@472E2v}£6R8u;=?�FtF+I34 �vC�8�FF�?£} ?@C7�~?@;~F+IBG�8qJ3CH?3L@2O4RM í ;=?@C�<@GO<�I34 c ?@;BF�CHGOL@A@FH4bF�?�?BA=C-��;=?�}N2O4�<3ï74De�?@C�89?B2��BGO;=ïGEF ` �BA32O4RC � ��
��5
 � �5
��B� � í } I3?�L3CH?BAvï7I�F�A=8uF+I34 φ
��eOA=; c FHG5?@; í ;36RMK4R<�F+I34�4��BA=67FHGO?@;6Re�FH4RCu1@4�2�2 í 6R;=<"F+I34£;36RMK4N8+FHA c � `! ?@C

N = 1 í F+I34�1@4�2�2�4��BA=67FHGO?@;
x2 − dy2 = ±1

� � ` � �
GO8%��;=?�}£;�6R8]F+I34?6)'�3� t ���6)3�'�1@4�2�2�4��BA=67FHGO?@; ` � F�8 c ?@M:J@254�F�4DF+I34R?@Co>~}£6R8t} ?@C7��4�<�?BA@FLR>¡�76�ï�C�6R;=ï74 � ��
���� � ������� � í ;=?�F�1@4�2�2 ` � F~G�8:?Be�F�47;Ö8967G5<TF+I@6�F �BA32O4RC~M�G�8+F�6���47;@2�>67F�F�C�G5LBA@F�4R< � CH?BA=; c ��47C-� 8 � ���B��� � ������� �s} ?@C7� ?@; F+IBGO8]4��BA=67FHGO?@; F�?K1@4�2�2 `� ?�} 4-�@4RC íF+I34P4R�@A=6�FHG5?@;T6RJ=J=4R6RC�8~GO;Q6üL3?3?$�üLR>i��6�I@; � ���B��� � ���5
�� � í } IBG c IP}£6R8 c 47C�F�6RG�;@2�>}£CHG�F�F�47;:}NG�F+I�1@472E2�� 8DI34�2OJ ` 1@47C+I@6RJ=8 ��A32547C ��;=4X}²} I@67F�I34£}£6�8b<3?BGO;=ï£GO;�;36�M�GO;=ïF+I34 4��BA=67FHGO?@; `�! A=C F+I34RC]<34�F�6RGE2O8 c 6�;:L=4De�?BA=;=<�GO;	� ��� í � ��� í 6�;=<U� 
�� `

� ;iF+IBGO8�6RC�FHG c 254 í } 4ü}NG�2E2N<347�=;=4ÖLR>dCH4 c A=CHCH4R; c 4Ö6R;dG�;@�v;@G�F�4Ò8-4R�@Av47; c 4Î?BeJv?@8+GEFHG �@4:89?B2�A@FHGO?@;38 ?Be�F+I34ü1@472E2�4R�@A=6�FHG5?@;
x2 − dy2 = 2t í } I347CH4 d = k2 − 2}NGEF+I

k > 2
6R;£GO;BFH4�ï747C�6�;=<

t ≥ 0
G�8g6R2�8-?N6�;£G�;BF�4Rï74RC ` �P4]}NGE2�2B672O89? 4+î�J3CH4R8*8�F+I3478-48-?B2EA@FHG5?@;38]A=8+GO;=ïDM�67F�C�G c 4R8tF+I@6�F]<=47Jv47;=<K?@;@2 >:?@;

k
6�;=<

t
`

� �gÇ7ËvÌ5È�ÕÒÈ�É�Æ�Ç 	 � Æ Ï Ð�Ü �
� I34Q1@4�2�2t4��BA=67FHGO?@;QG�; � � ` � �bI@6�8£GO;@�=;@GEFH472 >QM�6�;�>�G�;BF�4Rï74RCN89?B2�A@FHGO?@;38 `ü� I34�vC�8�F�;=?@;=�HF�CHG �@G�6R2�Jv?@8+GEFHG �@4$G�;BF�4Rï74RC089?B2�A@FHGO?@;

(x1, y1)
� �vC�8�F0G�;NF+I34�894R;3894qF+I@6�F

x1
?@C

x1 + y1

√
d
G�8qM�GO;@G�M:672;�0G�8 c 6R2E254R<~F+I34 SB(��P/53�MN���.�"3�'^ ���'B(��"����� í L34 c 6RA=894DGEFtï747;=4RC��67FH4R8t672�2�F+I34D?�F+I347C�8-?B2EA@FHG5?@;38 `�� ; e56 c F í GEe (x1, y1)

G�8�F+I34ueOA=;=<36RMK47;BFH672=8-?B2EA@FHG5?@;~?Be
x2 − dy2 = 1 í F+I34R;"F+I34 nth

Jv?@8+GEFHG �@4N8-?B2EA@FHG5?@;
(xn, yn)

GO8$<347�=;=4�<:LR>
xn + yn

√
d = (x1 + y1

√
d)n

� � ` � �
����������� �����

c© ������� �! �"� �#��  �"%$& '�'��(�)* '�+� ,- �.!/���,+� (+���



�����

e�?@CP6R;�>�G�;BF�4Rï74RC
n ≥ 2

` � ! A=C F+I34RCHMK?@CH4 í 672�2£;=?@;=��F�C�G��BGO672 8-?B2EA@FHG5?@;38 c 6R;²L=4?3LBF�6RG�;=4�<:LR> c ?@;38+G5<34RC�GO;=ïuF+I34Ne�?BA=C c 6R8-478
(±xn, ±yn)

e�?@C
n ≥ 1

` �� I347CH4$6�CH4q8-4-�@47C�6R2�M:4�F+I3?3<@8�e�?@C��=;=<@G�;=ïtF+I34]eOA=;=<36RMK47;BFH672B89?B2�A@FHGO?@;N?Be�1@472E2�� 84��BA=67FHGO?@;
x2 − dy2 = 1

e�?@Cb6:Jv?@8+GEFHG �@4�;=?@;=�*89�@A=6RCH4�GO;BFH4�ï747C
d
`�! ?@Cb4*îR6RM:J@254 íF+I34 c > c 2EG c M:4�F+I3?3< ��;=?�}£;üG�; � ;=<@G�6:GO;�F+I34 ���

th
c 47;BFHA=Co> í 6�;=<�F+I34:8+2�GOï7I�FH2�>�2O4R8*84�� c G547;BF0L@A@FsMK?@CH4qCH4Rï�A32O6RC �@;=ï�2EGO89IDM:4�F+I3?3< � ��


th
c 4R;BFHA=Co>���J3CH?3<@A c 4$6R2E2�89?B2�A@FHGO?@;38?Be

x2−dy2 = 1
� 8-4R44� � í J=J ` ��� í ���&� � `t� A@F=F+I34tMK?@8�F�4 � c GO4R;BF�MK4�F+I3?3<ue�?@C=�v;=<BGO;=ïF+I34üeOA=;=<@6�M:4R;BF�6R2�89?B2�A@FHGO?@;ÎG�8:L36R8-4R<Ö?@;ÒF+I34�8+GOM�J32O4P�v;@G�F�4 c ?@;BFHGO;@Av4R<Îe5C�6 c FHGO?@;4*î�J=6R;38*GO?@;:?Be √
d
` �P4 c 6�;:<34R8 c CHGOL=4DGEFt6R8]e�?B2�2O?�}£8 � 8-4R4 � �&� 6R;=<	� � í J ` �����5� � `�R4�F [

a0; a1, . . . , ar, 2a0

] L34uF+I34b8*G�M:J@254 c ?@;BFHGO;@Av4R<~e5C�6 c FHG5?@;�4+î�J36�;38+G5?@;"?Be
√

d
�
a0 =

⌊√
d
⌋� ` �R4�F

p0 = a0 í p1 = 1 + a0a1 í q0 = 1 í q1 = a1 í 6R;=<
{

pn = anpn−1 + pn−2 í
qn = anqn−1 + qn−2 í

e�?@C
n ≥ 2

`
� e

r
GO8�?3<3< í F+I34�eOA=;=<@6�M:4R;BF�6R2q8-?B2EA@FHG5?@;QGO8 (x1, y1) = (pr, qr) í } I34RCH4 pr/qrGO8QF+I34

rth
c ?@;��@47CHï74R;BFT?Be √

d �
GEe

r
G�8Î4-�@4R; í F+I34ÛeOA=;=<@6�M:4R;BF�6R2�89?B2�A@FHGO?@; G�8

(x1, y1) = (p2r+1, q2r+1)
`

� ; c ?@;3;=4 c FHG5?@;�}NG�F+I � � ` � � í GEFvG�8�} 472E2���;=?�}£; � � � í � I34�?@CH47M � ` � í J ` �&� ��� �@F+I@6�FG�e
(u1, v1)

G�8D6�89?B2�A@FHGO?@;P?Be � � ` � �q6R;=<
(x1, y1)

GO8b6�8-?B2EA@FHG5?@;P?Be
x2 − dy2 = 1 íF+I34R;

(u, v)
G�8q6£8-?B2EA@FHG5?@;�?Be � � ` � � í } I347CH4

u + dv = (x1 + dy1)(u1 + dv1)
` � � ` � �

 ?�} 4-�@47C í GO;�ï74R;=47C�6R2 � � � í J ` �&� � í 4+îR6�M�J32O4QL=4�25?�} � I34R?@CH4RM � ` ��� � í e�?@C
N 6= 1

F+I34RCH4:G�8 ;=?ü6:eOA=;=<36RMK47;BFH672t89?B2�A@FHGO?@;Q?Be
x2 − dy2 = ±N

� F+I@67FbGO8 í 6Jv?@8+GEFHG �@4N8-?B2EA@FHG5?@;
(u1, v1)

8+A c I"F+I@6�F�e�?@Ct6R;�>�J=?@8*G�FHG��@4N89?B2�A@FHGO?@;
(u, v) í } 4£I@6��@4

(u, v) = (un, vn)
e�?@C"89?@MK4

n ∈ � � `¡a ï74R;=47C�6R2�J3CH? c 4R<@A=CH4üFH?Ö?3LBF�6RG�;ÎF+I34Jv?@8+GEFHG �@4D89?B2�A@FHGO?@;38]?Be�6D8-?B2 �B6�LB254~1@472E2v4R�@A=6�FHG5?@;
x2 − dy2 = N

� e�?@C
N > 1

� c 6�;L=4Ne�?BA=;=<�G�;	� � í J3J ` �&�A
!���&��� í � I34�?@CH47M � ` �� `
� ásÔ�Ë ��ËvÌ5ÌtË�×0Ø�Æ3ÐRÈ � É

x2 − (k2 − 2)y2 = 2t

�
! G�C�8+F�} 4 c ?@;38+G5<34RC�F+I34 c 6R8-4

t = 0 �
F+I@67FüGO8 í F+I34 c 2�6�8*8*G c 672�4��BA=67FHGO?@;

x2 − (k2 − 2)y2 = 1
`

j �@æ y è*æ�� � �R4�F
d = k2 − 2

}NG�F+I
k ≥ 2

`
� 6�� � I34 c ?@;BFHG�;@Av4�<�e5C�6 c FHG5?@;:4+î�J36�;38+G5?@;:?Be √

d
G�8$ï�G��@47;:LR>

√
d =

{[
1; 2

] G�e
k = 2 í[

k − 1; 1, k − 2, 1, 2k − 2
] ?�F+I34RC�}NGO894

.

� � ` � �
� L�� � I34NeOA=;=<@6�M:4R;BF�6R2�89?B2�A@FHGO?@;:?Be

x2 − dy2 = 1
GO8

(x1, y1) = (k2 − 1, k)
` � � ` � �



�����

�^���$��S�� � 6&� � I34 c 6�894
k = 2

c 6�;�L=4~4R6R8*GE2�>"�@47CHGE��4R< `�ì A=J3Jv?@894£F+I@67F
k ≥ 3

`$� I34R;
� � ` � ��e�?B2�2O?�}£8 í L=4 c 67A=8-4
√

k2 − 2 = k − 1 +
(√

k2 − 2 − (k − 1)
)

= k − 1 +
1
1√

k2−2−(k−1)

= k − 1 +
1

1 + 1√
k2

−2+(k−2)
2

= k − 1 +
1

1 + 1
k−2+ 1

2√
k2

−2−(k−2)

= k − 1 +
1

1 + 1
k−2+ 1

1+

√
k2

−2−(k−1)
2k−3

= k − 1 +
1

1 + 1
k−2+ 1

1+ 1√
k2

−2+(k−1)

= k − 1 +
1

1 + 1
k−2+ 1

1+ 1

2k−2+(
√

k2
−2−(k−1))

.

� L�� � I34 c 6R8-4
k = 2

?Be � � ` � �$e�?B2E25?�}£8£L=4 c 67A=8-4
(x, y) = (3, 2)

GO8 c 2O4R6RCH2 >6PM�G�;@GOM�A=M	89?B2�A@FHGO?@; ` 1 ;�F+I34ü?�F+I347C I@6R;=< í A=8*G�;=ï:F+I34�MK4�F+I3?3<Qe5CH?@M J=6RC�F � 6��6�L3?R�@4 í e�?@C k ≥ 3
} 4~I@6��@4

r = 3 í a0 = k − 1 í a1 = 1 í a2 = k − 2 í a3 = 1
`

 47; c 4 í p0 = k−1 í p1 = k í p2 = k2−k−1 í p3 = k2−1 í q1 = 1 í q2 = k−1 í6�;=<
q3 = k

`�� IBA=8 í (x1, y1) = (p3, q3) = (k2 − 1, k)
`

¢b4+îRF�} 4 c ?@;38+G5<34RC�F+I34 ï747;=4RC�672 c 6�894 `
j �@æ y è*æ�� ã �R4�F

k í t í d
L=4i6�C�L@G�F�C�6�Co>�GO;BFH4�ï747C�8ü}NG�F+I

k ≥ 2 í t ≥ 0 í 6R;=<
d = k2 − 2

` �q47�=;=4£6£8-4R�@Av47; c 4 {(un, vn)} ?Be�Jv?@8+GEFHG �@4DG�;BF�4Rï74RC�8�LR>

(u1, v1) =

{(
2(t−1)/2k, 2(t−1)/2

) G�e
t
GO8$?3<3< í(

2t/2(k2 − 1), 2t/2k
) G�e

t
GO8$4-�@47; ` � � ` � �

6�;=< í e�?@C n ≥ 2 í
(un, vn) = (u1xn−1 + dv1yn−1, v1xn−1 + u1yn−1) í � � ` � �

} I34RCH4 {(xn, yn)} G�80F+I34�894��BAv4R; c 4u?BeBJv?@8+GEFHG �@4$89?B2�A@FHGO?@;38g?Be x2−dy2 = 1
`0� I34R;

� 6&�
(un, vn)

GO8q6£89?B2�A@FHGO?@;:?Be
x2 − dy2 = 2t e�?@C�6�;�>"GO;BFH4�ï747C n ≥ 1

`
� L�� ! ?@C

n ≥ 1 í } 4£I@6��@4
{

un+1 = (k2 − 1)un + (k3 − 2k)vn í
vn+1 = kun + (k2 − 1)vn

` � � ` � �



���&�

� c � ! ?@C
n ≥ 1 í } 4£I@6��@4

(
un

vn

)
=





2(t−1)/2

(
k2 − 1 k3 − 2k

k k2 − 1

)n−1 (
k

1

) G�e
t
G�8$?3<=< í

2t/2

(
k2 − 1 k3 − 2k

k k2 − 1

)n (
1

0

) G�e
t
G�8$4-�@4R; `

� � ` � �

�^���$��S�� � 6&� a 8*8*A=M:4
t
GO8�?3<=< ` �P4~I@6��@4NF+I@67F

(u1, v1) =
(
2(t−1)/2k, 2(t−1)/2

) G�86 89?B2�A@FHGO?@;:?Be
x2 − dy2 = 2t í L34 c 6RA=894
u2

1 − dv2
1 =

(
2(t−1)/2k

)2 − (k2 − 2)
(
2(t−1)/2

)2

= 2t−1k2 − 2t−1k2 + 2 · 2t−1 = 2t `
ì GOM�G�2�6�C�2�>�GEF c 6R;�L34 8-I3?�}£;�F+I@67F

(u1, v1) =
(
2t/2(k2 − 1), 2t/2k

) GO8$6~8-?B2EA@FHG5?@;} I34R;
t
G�8$4-�@4R; `

1 ;"F+I34 ?�F+I347C]I@6R;=< í CH4�}£C�GEFHG�;=ï � � ` � ��6�8
un + vn

√
d =

(
xn−1 + yn−1

√
d
)
(u1 + v1

√
d) í � � ` 
 �

} 4�8-4R4"e5CH?@M � � ` � ��F+I@67F
(un, vn)

G�8D672O89?�6�89?B2�A@FHGO?@;�e�?@Cu4R6 c I
n ≥ 2

` � IBG�8 c 6�;6R2�8-?�L=4NJ=CH?7�@4�<:<BGOCH4 c FH2�>�6�8]e�?B2E25?�}£8 �
u2

n − dv2
n = (u1xn−1 + dv1yn−1)

2 − d(v1xn−1 + u1yn−1)
2

= u2
1

(
x2

n−1 − dy2
n−1) − dv2

1(x
2
n−1 − dy2

n−1

)

=
(
x2

n−1 − dy2
n−1

)(
u2

1 − dv2
1

)
= 2t `

� L��g $8*G�;=ïDCH4RJ=4R6�F�4R<@2 > � � ` � ��6R;=< � � ` 
 � í } 4£?3L�FH67GO;
un+1 + vn+1

√
d =

(
xn + yn

√
d
)(

u1 + v1

√
d
)

=
(
x1 + y1

√
d
)n(

u1 + v1

√
d
)

=
(
x1 + y1

√
d
) [(

x1 + y1

√
d
)n−1(

u1 + v1

√
d
)]

=
(
x1 + y1

√
d
) [(

xn−1 + yn−1

√
d
)(

u1 + v1

√
d
)]

=
(
x1 + y1

√
d
)(

un + vn

√
d
) í} IBG c I"GO8$4R�@A3G �B6R2O4R;BFgFH? � � ` � � `

� c �B�P4 c 6R;bCH4�}£C�GEFH4 � � ` � �@G�;�F+I34�e�?@C�M (un+1

vn+1

)
=

(
x1 dy1

y1 x1

)(
un

vn

) `  4R; c 4 íJ=CH? c 4�4R<@G�;=ï£LR>�G�;=<@A c FHGO?@;K?@;
n ≥ 1 í } 4£?3L�FH67GO;

(
un

vn

)
=

(
x1 dy1

y1 x1

)n−1(u1

v1

) `
¢b?�} � � ` � ��e�?B2�2O?�}£8]e5CH?@M � � ` � � í L34 c 6RA=894

(
k2 − 1

k

)
=

(
x1 dy1

y1 x1

)(
1

0

) `



�����

l�� ���� z æ 	 { � �R4�F
k = 4

`g� I347;�F+I34NeOA=;=<36RMK47;BFH672�8-?B2EA@FHG5?@;�?Be
x2 − 14y2 = 1

G�8
(x1, y1) = (15, 4) í 6�;=<�89?@MK4£?�F+I347Ct89?B2�A@FHGO?@;38q6RCH4

(x2, y2) = (449, 120) í (x3, y3) = (13455, 3596) í
(x4, y4) = (403201, 107760) í (x5, y5) = (12082575, 3229204) í6R;=<

(x6, y6) = (362074049, 96768360)
`

�R4�F
t = 6

`ba 89?B2�A@FHGO?@;P?Be
x2 − 14y2 = 64

GO8Dï�G �@4R;PLR>
(u1, v1) = (120, 32)

`
 47; c 4 í A=8+GO;=ï � � ` � � í } 4 ï74�F

(u2, v2) = (3592, 960) í (u3, v3) = (107640, 28768) í
(u4, v4) = (3225608, 862080) í (u5, v5) = (96660600, 25833632) í

(u6, v6) = (2896592392, 774146880)
`

� è y � z æ�� ` 1=CH?7�@4 ?@Ct<@G�89J3CH?R�@4bF+I@67F
(u1, v1)

GO8q6NeOA=;=<36RMK47;BFH672�89?B2�A@FHGO?@;�?Be
x2 − (k2 − 2)y2 = 2t (

e�?@C
t ≥ 1)

`
� æ � æ�è*æ����Xæ�*
� �&� � 672EFHA=8 í ��` í � ?@;BFHG�;@Av4�< ! C�6 c FHG5?@;38 6R;=<üF+I34Q1@4�2�2 �@�@A=6�FHG5?@;38 � � I34�} ?@C7�P?Be

��A32547CD6�;=<Ö�76�ï�C�6R;=ï74 í aP��MTM[<.L+�$3�')<���1������7DUaP���.�"�"�=< 	��B3�6t�"�*���$ í 	�� ����� � í���B��� `
� �&� � 6RC+L34R67A í � ` í �^�H'9' �  ��²P(�3��"����� í ì J3CHG�;=ï74RC�@g47CH2�6�ï í ������� `
� �&� �@<�}£6RCH<38 í  �` � ` í 	��&�7MT3�� �  Y�3� &�\��1P�������&M �NL ´J�������"��6 �*���2���$/P(56t�"����� �*�

L-'9#���C��83&��6 Q (�M C$�&�+��1������7D í � ?@CHCH4 c FH4�<NCH4RJ3CHG�;BF�?Be�F+I34 ��5
�
 ?@CHGOï�GO;3672 í B�C�6�<3�A=6�F�4 � 4*î7FH8]GO;��T6�F+I34RM�67FHG c 8 í ��� í ì J=C�GO;=ï747C�@g4RC�2O6�ï í ¢b4X} 3�?@C�� í �#��� `
� ��� Cs?3LB2�G�F�ø í ¢ ` í L aP�^(��B ��F�"� Q (�M C$���0��1������7D\3���/[a$�7D�,J����#��83�,�1^D í B�C�6�<BA=67FH4� 4*î7FH8qG�;��T6�F+I34RM�67FHG c 8 í ì 4 c ?@;=< �3<BGEFHGO?@; í ì J3CHG�;=ï74RC�@g4RC�2O6�ï í ����� `
� �&� �R47;38+F�C�6 í  �` � ` í ì ?B2 �@G�;=ï � I34�1@472E2 �@�@A=6�FHG5?@; í Q �A�"�*6��! \��S��21��4L � O í ����� � �

� �����B� � í �#�B�!�B�#B� `
� ��� �R4-�@4R�@Av4 í � ` �7` í ����,^��6� ?�"� Q (�M C$��� ��1������7D í @g?B2EA=MK4 � í �q?R�@47C�13AvL@2EG c 6��FHGO?@;38 í �����B� `
� 
�� ¢$G��@47; �+` í � A c ��47C�M�6�; í  �`Eì=` í 6R;=<K�Ò?@;BFHï7?@MK47Co> í  �` � ` í L+� �2�.�2���$/P(�6t�"�*��� �*�

�21P� ��1P�����8D ��S Q (�M C$���B í ! G�e�F+I �3<BGEFHGO?@; í � ?3I@;ü��G�2O4->�� ì ?@;38 í � ; c�` í ¢b4X}3�?@C7� í ���B� `
a I@MK4�F � 4�� c 6R; q2�Av<@6�ïN $;@G��@47C�8*G�F�>

! 6 c A32�F�>�?Be ì�c GO4R; c 4�q47J=6RC�F�M:4R;BF]?Be��T6�F+I34RM�67FHG c 8
B �?@C,�A^��2O4 ��������� A=C�8*6�� �  N��C ��3

tekcan@uludag.edu.tr

http://matematik.uludag.edu.tr/AhmetTekcan.htm
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« a�[#c<Y,b�b�a&]7[�cm\<a0`#b�g�[�n�o�eja#p�]�qY,h�Y�b�r�g0`�b � Y.`�[0hKsY�eja�r�a&\<k�Y,`�c�`Za�[�b�oZg0ejk&Y�`�\me�g�[.o�]7[�bcmg0e}r	]<Y���v�u���|�u}x ��~&�0�0�Z�¡®+`ZYdsY0c<a&\ ]<Y
(?)

g�o�eZqY,b)]<Y�`�[0hKsY�eja;\m`Zr0\f�Z[�YQ�Z[#Y�]<Y�o�eja#p�]0qY�hiY�g�sY�c0sY
b�a�[�h�\"b�b g0`�b�b,a&]7[#cm\<a0`��

��� g��Z[#Y(o�eja#p�]�qY,h�Ylb�Y,e7gUo�[#p�] \�sYUr�g0`#b%]<Y,b�r�Y0[,nU]"g0`���[�Y,b�a�� � \<Y_] ]<Y,b�rZ[ � g0`#g�r�g� g0`��&]"g&\"b�Y0c)�me7g0`4�� g&\"b7�,����g0`�b�]<Y�b	`�[�hKsY,eja�b����������GY0c;� �¡]¢� g0`��&]"g&\"bQo�e�sY � sY�r�Y,e7g£]<Yy��e7g0`4�� g&\"b}�Y0c�r�g0`�b�]<Y�b�`�[0hKsY�eja�b;¤��4¥��)¦�Y0c�§,��]<YQ��e7g0`4�� g&\"b�o�e�sY � sY�r�Y,e7g	]¢� g0`��&]"g&\"b��+��g0`�b�]"gyb�Y � cm\<a0`�r�Y,bb�a&]7[�cm\<a0`#b}�#]<Y�o�eja#p�]�qY,h�Y)b�Y,e7g.o�[�p�] \&sY.r�g0`#b�]"g�]"g0`���[#Y.r�Y)]"g�o�e=\m` � \ oZg&]<Y)b,a&]7[#cm\<a0`;o�e�sY,b,Y�`Zc0sY0Y����g e�sY�r�g � cm\<a0` b�a�[ � g&\<c<Y ejY,h�Y,e � \<Y,eO¨&Y�g0`�©jª(g0e � « Y,e}e7\<Y�e7� r�Y ]¢�m®+`�\<k&Y�e7b}\<c0sY�r�Y
ªUa0`�cfe�sY,g&] �+r�� g#k&a&\me�cfe7g�rZ[&\<cZ]<Y,b¡o�eja#p�]0qY�hiY,b&�

¥b¤�ùN¥ ` �^����,K�� ¡¯�,�3�� V&�� ¡¯�[Y$(��9 �E�¯� 3�: �tZP3��7��������I �.���*_��&�) ����#¯� �^��'2D�����681A�5�¢²P(5�[/A�
a$3$�"3�'*��#��P��I`ZP3���67�!'*�����!I��� �,�3�#��P� `

�R4R8u;=?@M:L3CH478D<34 ! G5L3?@;36 c�c G
Fn

4�F]25478u;=?@MKL@CH4R8b<=4K��A c 6R8
Ln

89?@;BF�<��47�=;@GO8J=6RC�25478qC��4 c A=C�CH47; c 478$8*A3G �B6�;BFH4R8 �
F0 = 0 í F1 = 1 í 4�F

Fn+1 = Fn + Fn−1
Jv?BA=C

n ≥ 1 �
L0 = 2 í L1 = 1 í 4�F

Ln+1 = Ln + Ln−1
Jv?BA=C

n ≥ 1
`

ì ?BGEF
n
A=;:4R;BFHGO4RC�Jv?@8+GEFHGEe ` �Ò?@;BF�CH4RC]�BAv4

LnLn+1 ≤ 2 +

(
n∑

k=1

LkF2k

)1
2

·
n∑

k=1

L2
k√
Fk

`

¥b¤�ù ö ` �^����,K�� ¡¯� ,�3���]$���)#���' Q ��6H(&'�3�IJZJ(�6)3����� &��I.¶J�^(�MT3��5��� `
ì ?BGEF

M
2O4QJ=?BGO;BF�M�GE2�GO47Ad<34

BC
<36R;38:254PF�CHG�6�;=ï�2O4

ABC
4�F�8+A=J=J=?@8-?@;38�@Av4£2O6~L@G�89894 c F�C�G c 4NGO;BF��47CHGO47A=CH4~<=4£2o� 6R;=ï�254

BAC
c ?BA=Jv4

BC
4R;

N
` �Ò?@;BF�CH4RCq�BAv4

∠BAC = 90◦ + ∠MAN
8+G�4�F�8-4�A32547MK47;BFt8*G

b/c = 1 − 2 cos A
`

¥b¤�ù ÷ ` �^����,K�� ¡¯� ,�3���]$���)#���' Q ��6H(&'�3�IJZJ(�6)3����� &��I.¶J�^(�MT3��5��� `
ì ?BGEF

ABCD
A=; F�C�6�J�ð4�ø*4D<34 c ó?�F7�4R8�J=6RC�6R2E2Hð4�25478

AB
4�F

CD
6��@4 c

AD = CD4�F
AC = BC í AC

4�F
BD

8-4 c ?BA=J=6R;BFt47;
E
`@ì ?BGEF�CH4R8*Jv4 c FHG��@47MK47;BF

x í y 4�F z
25478MK478*A=CH478�<34R8q6�;=ï�2O4R8

ABC í BDC
4�F

AED
` �Ò?@;BF�CH4RC]�BAv4

y ≤ 30◦ í
tan y =

2 tan x

3 + tan2 x
í 4�F

tan z =
2 sin x + sin 3x

2 cos x + cos 3x

`
¥b¤�ùbù ` �^����,K�� ¡¯� ,�3��	�	�*681��H'JZP3���3&�9'�'��!I.¶J�^(5�&��I 	��83���67� `

� CH?BAB�@4RCgF�?BA=8]2O4R8$4R;BFHGO4RC�8qJv?@8+GEFHGEe58
n
6�>B6R;BF�2O6£J=CH?@J3CHGH�4�F��4£8+A3G��B6R;BF�4 � c I@6��BAv4e�?BGO8]�@Av4

a
4�F

b
89?@;BF�<=478q47;BFHG547C�8�FH472�8q�BAv4

ab + 1
4R8�F�A=;�M�A32EFHG�J32O4N<34

n í GE2v47;�4R8�F<=4£MPó4RM:4£J=?BA=C
a + b

`



���5


¥b¤�ù ú ` �^����,K�� ¡¯� ,�3��	�	�*681��H'JZP3���3&�9'�'��!I.¶J�^(5�&��I 	��83���67� `
�]6�;38tA=;"F�CHG�6�;=ï�2O4N;=?@;��4��BA3G�2�67F��47C�6R2

ABC
8-?BG�F

I
2O4 c 4R;BF�CH4£<@A c 47C c 254bGO;38 c CHG�F4�F

O
c 472EA3Gq<@A c 47C c 254 c G�C c ?@;38 c CHG�F ` �N�478*GOï�;=?@;38�CH4789J=4 c FHG �@4RM:4R;BF J36�C

X í Y
4�F

Z25478qJ=?BGO;BF�8qM�G�2EG54�A�î~<34
BC í CA

4�F
AB

`3ì G
π(P )

CH4RJ3C��478-47;BF�4D2O6NJ=CH?�õo4 c FHG5?@;�<�� A=;Jv?BG�;BF
P
8*A=Cq2O6�<3CH?BG�F�4

OI í 4�Fu8+G σMN(P )
CH47J=C��4R894R;BFH4�2�6�C��4 �v4*îRG5?@;P<BAüJ=?BGO;BF

PJ=6RCtC�6�J3Jv?@C FNð6N2�6 <3CH?BG�F�4
MN í MK?@;BF�CH47C]�BAv4

σY Z ◦ π(A) = σZX ◦ π(B) = σXY ◦ π(C)
`

¥b¤�ùbû ` �^����,K�� ¡¯�J,�3��JZA��'9'�O�3��P/� ���&V&��1A�T> ���! ���I �.���*_��&�) ����#¯�%/A��a$3&'"#�3��8D�I^a$3&'"#�3��8D�I
L�Z `

ì A=J=J=?@8-?@;38�<3?@;3;��4tA=;=4]8*A3G�F�4�GO;@�=;@G�<34 c 6�C F�478
C1 í C2 í . . .

`�ì A=C c I@6��BAv4 c 6�C F�44R8�FbGO;38 c CHG�F�4�A=;=4:8��47CHGO4�GO;@�=;@G54K<=4:;=?@MKL@CH4R8£C��4R472�8£;=?@;Q;��4Rï�67FHGEe58 <=?@;BFb2�6�89?@M:M:4�B6RA@F
1
`

� 6&���Ò?@;BF�CH4RCq�@As� G�2s4*îRGO8�F�4NA=;�C��4R6RC�C�6R;=ï74RM:4R;BF
D1 í D2 í . . . í <34R8 c 6RC�FH4R8qFH472s�BAv42O6£8��4RC�G54 ∞∑

i=1

dii
c ?@;��@4RCHï74 í ?gðA dii

478+Fg254
i
� ��o��� ;=?@M:L3CH4 <34N2�6 c 6�C F�4

Di
`

� L�� ? �@8�F+� c 4£�@As� G�2�4*îRGO8�F�4DA=;�C��476�CHC�6�;=ï747MK47;BF�F�4�2��@Av4 ∞∑
i=1

dii ≤ 1
ò

� �$/ � � ?@M:J36�CH47Ct6��@4 c 254NJ3CH?3L@2Hð4RM:4 ������� � �����B�\�B����

�
�������\�@������B������� ` �

¥b¤�ù � ` �^����,K�� ¡¯�,�3�� ��3��.�*�!'���MN��� ´J�����)#�� �^��,K�� �6H(�I ZJ(56B3����! ���I�¶K�^(�MT3����*� ���
V&�� ¡¯� Y$(��9 \E�¯� 3�: �tZP3��7��������I �.���*_��&�) ����#¯� �^��'2D�����681A�5�¢²P(5�N/A�Na$3���3&'���#����!I�ZP3���67�!'*�����!I
�� 7,�3�#���� `

ì ?BGEF
n
A=;:4R;BFHGO4RC�Jv?@8+GEFHGEe ` �Ò?@;BF�CH4RC]�BAv4

exp

(
2n

n + 1

) n∑

k=1

k

exp
(n
k

) ≥
(

n + 1

2

) `

¥b¤ ú � ` �^����,K�� ¡¯� ,�3���]$���)#���' Q ��6H(&'�3�IJZJ(�6)3����� &��I.¶J�^(�MT3��5��� `
ì ?BGEF

P
A=;~Jv?BG�;BF��@Av4�2 c ?@;=�@Av4�ð6��4�ï�67254u<@G�8+F�6�; c 4b<=4u<=4�A�îN<3CH?BG�F�478

k
4�F

`
`�ì ?BG�F

A
4�F

B
2O4R8gJ3CH?�õo4 c FHGO?@;38�?@C�F+I3?3ï7?@;36725478gCH4789J=4 c FHG �@4R8�<34

P
8+A=C

k
4�F

`
` �Ò?@;BF�CH47C��BAv4Jv?BA=CgFH?BA@F

M ∈ k
4�F

N ∈ ` í 25478 �4R;=?@; c �478$8+A3G��B6R;BFH8q8-?@;BFD�4R�@A3G �B6R2O4R;BF�8 �
� G;�

PN ⊥ BM �
� GEG;�

PM ⊥ AN �
� GEG�G �

MN2 = AM2 + BN2
`

¥b¤ ú ë ` �^����,K�� ¡¯� ,�3���]$���)#���' Q ��6H(&'�3�IJZJ(�6)3����� &��I.¶J�^(�MT3��5��� `
ì ?BGEF

a í b 4�F c
;=?@M:L3CH478tC��4R472�8 ` �Ò?@;BF�CH4RC��@Av4 |a+ b|+ |b+ c|+ |c+a| ≤ 28*G�4�Ft8-4�A32547MK47;BFt8*G |a| ≤ 1 í |b| ≤ 1 í |c| ≤ 1 í 4�F |a + b + c| ≤ 1

`



�����

¥b¤ ú ¤ ` �^����,K�� ¡¯�4,�3��0E < �^< �^�B���21��+� �)����I �.���*_��&�) ����2D aP��'9'*��#5� aP���_³�I�¶A¯�t,`($C�'��¢²P(5�
/ � �*�B'"3��P/A� `

� CH?BAB�@4RC"F�?BA=8:25478�;=?@M:L3CH478�;367FHA=CH4�2O8
a
4�F

b
FH472�8��BAv4

a | (b2 + 1)
4�F

b | (a2 + 1)
`

¥b¤ ú ¥ ` �^����,K�� ¡¯� ,�3���]$���)#���' Q ��6H(&'�3�IJZJ(�6)3����� &��I.¶J�^(�MT3��5��� `
ì A=C�2O4R8 c ó?�F7�4R8t<BA~F�CHG�6�;=ï�2O4

ABC
?@;"<=47898+GO;=4b<=478gF�CHG�6�;=ï�2O4R8gGO89? c ð472O4R8

BMC í
CNA

4�F
APB

6��@4 c
MB = MC í NC = NA

4�F
PA = PB

`�ì G
∠BMC + ∠CNA + ∠APB = 360◦ í MK?@;BF�CH47C~�BAv4�25478"6R;=ï�25478�<@ATF�C�GO6R;=ï�254
MNP

8-?@;BF�G�;=<��47Jv47;=<36R;BFH8�<BA�F�C�GO6R;=ï�254
ABC

`
¥b¤ ú ö ` �^����,K�� ¡¯� ,�3���]�3� ��9'*�?a��� �H����3����!I	�.���*_��&�) ����#¯�4/A� �$'*�����! ��"�9I�¶J�^(�MT3��5��� `

ì ?BGEF
a í b 4�F c

F�CH?BG�8q;=?@MKL@CH4R8$C��4�4�2O8q;=?@;�;��4Rï�67FHGEe58 ` �Ò?@;BF�CH47C]�@Av4
a3

2a2 + b2
+

b3

2b2 + c2
+

c3

2c2 + a2
≥ a + b + c

3

`
¥b¤ úb÷ ` �^����,K�� ¡¯� ,�3���]�3� ��9'*�?a��� �H����3����!I	�.���*_��&�) ����#¯�4/A� �$'*�����! ��"�9I�¶J�^(�MT3��5��� `

ì ?BGEF
x í y 4�F z F�CH?BG�8�;=?@MKL@CH4R8�C��4�4�2O8�;=?@;N;��4Rï�67FHGEe58�896�FHGO8+e56RG�896R;BF x+y+z = 3 í4�Ft89?BGEF

0 ≤ r ≤ 8
` �Ò?@;BF�CH4RC]�BAv4

1

xy2 + r
+

1

yz2 + r
+

1

zx2 + r
≥ 3

1 + r

`
` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `

¥b¤�ùN¥ ` �^����,K�� ���/ C�D�V&�� ¡¯�UY$(��9 Ey¯� 3&: ��ZP3��7���&����I �.���*_��&�) �����3�� �^��'��)��µ��68���*6B3 /A�
a$3$�"3�')(��AD�3�I`ZP3���67�!'*���A3�I=O&,�3&��� `

� I34 ! G5L3?@;36 c�c G�;@A=MKL34RC�8
Fn

6�;=<Î��A c 6�8N;@A=MKL34RC�8
Ln

6RCH4K<347�=;=4�<�LR>�F+I34e�?B2�2O?�}NGO;=ïbCH4 c A=CHCH4R; c 4R8 �
F0 = 0 í F1 = 1 í 6�;=<

Fn+1 = Fn + Fn−1
e�?@C

n ≥ 1 �
L0 = 2 í L1 = 1 í 6�;=<

Ln+1 = Ln + Ln−1
e�?@C

n ≥ 1
`

1=CH?R�@4bF+I@67F�e�?@Ct4R6 c I�Jv?@8+GEFHG �@4DGO;BFH4�ï747C
n í

LnLn+1 ≤ 2 +

(
n∑

k=1

LkF2k

)1
2

·
n∑

k=1

L2
k√
Fk

`
¥b¤�ù ö ` �^����,K�� &��/�C�D�]$�"�B#&�9' Q �*6H(�'"3�IJZJ(5681A3����! ���I�¶J��MT3����"3 `

�R4�F
M
L=4~F+I34�M�GO<=�+Jv?BG�;BFb?Be

BC
G�; 4ABC í 6�;=<�254�F$F+I34"GO;BFH4RC�G5?@C�6R;=ï�254L@G�8-4 c F�?@C�?Be

∠BAC
MK4R4�F

BC
6�F

N
` 1=CH?7�@4 F+I@67F

∠BAC = 90◦ + ∠MAN
GEe6�;=<:?@;@2 >�GEe

b/c = 1 − 2 cos A
`



����

¥b¤�ù ÷ ` �^����,K�� &��/�C�D�]$�"�B#&�9' Q �*6H(�'"3�IJZJ(5681A3����! ���I�¶J��MT3����"3 `
�R4�F

ABCD
L=4"6~F�C�6RJv4�ø*?BG5<�}NG�F+I

AB ‖ CD
e�?@Ct} IBG c I

AD = CD
6R;=<

AC = BC í 6R;=<Î254�F E
L=4PF+I34üGO;BFH4RC�894 c FHGO?@;�?Be

AC
6R;=<

BD
` �R4�F

x í y í z<=47;=?�F�4bF+I34NMK476�8+A=CH4R8$?Be�6R;=ï�25478
ABC í BDC í AED í CH4R8*Jv4 c FHG��@4�2�> `gì I3?�}�F+I@6�F

y ≤ 30◦ í
tan y =

2 tan x

3 + tan2 x
í 6�;=<

tan z =
2 sin x + sin 3x

2 cos x + cos 3x

`
¥b¤�ùbù ` �^����,K�� &��/�C�D �U��681P�!'KZP3$�"3���'9'*��I.¶K�^(����$I�	��83���67� `

! G�;=<Q672�2gJv?@8+GEFHG �@4:G�;BF�4Rï74RC�8
n
}NGEF+I�F+I34:e�?B2�2O?�}NGO;=ï�J3CH?@Jv47C�Fo> � } I347;=4-�@4RC

a6�;=<
b
6RCH4�G�;BF�4Rï74RC�8D8*A c IKF+I@6�F

ab + 1
G�8D6�M�A32�FHGOJ@254�?Be

n í F+I34R; a + b
G�8D6R2�8-?�6M�A32�FHGOJ@254£?Be

n
`

¥b¤�ù ú ` �^����,K�� &��/�C�D �U��681P�!'KZP3$�"3���'9'*��I.¶K�^(����$I�	��83���67� `
�R4�F

ABC
L34 6 ;=?@;=�94R�@A3GE2O6�F�47C�6R2KF�CHG�6�;=ï�2O4�}NGEF+I c GOC c A=M c 47;BF�CH4

O
6R;=<GO; c 4R;BF�CH4

I
` �R4�F

X í Y í Z L34uF+I34DM�G5<3�*J=?BGO;BF�8q?Be
BC í CA í AB í CH4789J=4 c FHG �@472 > `�� e

π(P )
CH4RJ3CH4R894R;BF�8]F+I34£J3CH?�õo4 c FHGO?@;:?Be�6£J=?BGO;BF

P
?@;BF�?~F+I34D2EGO;=4

OI í 6R;=< σMN(P )CH4RJ3CH4R894R;BF�8]F+I34£CH4���4 c FHG5?@;:?BevF+I34NJv?BG�;BF
P
GO;"F+I34D2�G�;=4

MN í J=CH?7�@4DF+I@67F
σY Z ◦ π(A) = σZX ◦ π(B) = σXY ◦ π(C)

`
¥b¤�ùbû ` �^����,K�� ���/ C�D ZA�9'�'�O�3��P/� T3��P/ V&��1$� > �*�� &��I �=�5��_����B ��)��D ��S4a$3&'"#�3��8D�I
a$3�'9#�3��7D�IAL�Z `

3�?BAN6RCH4$ï�G��@47;N6R;bGO;@�=;@GEFH4q894��BAv4R; c 4$?Be c 6RCH<38
C1 í C2 í . . . í ?@;N4R6 c IN?Be7} IBG c IGO8�}£C�GEF�FH4R;�6R;�G�;@�v;@G�F�4N8-47CHGO4R8q?Be�;=?@;=�*;=4Rï�67FHG �@4£CH476R2v;@A=MKL34RC�8t} IBG c I�8+A=M:8tFH?

1
`

� 6&��1=CH?R�@4�F+I@67F F+I347CH4üGO8�6QCH4R?@CH<=47CHG�;=ï
D1 í D2 í . . .

?Be$F+I34 c 6RCH<38:8+A c IÒF+I@6�F
F+I34�8-47CHGO4R8 ∞∑

i=1

dii

c ?@;��@47CHï74R8 í } I34RCH4 dii
GO8uF+I34

i
/�� FH4RCHM ?Be�F+I34�8-47CHGO4R8N?@;

c 6RCH<
Di

`
� L�� ? � 8]F+I347CH4£;=4 c 47898*6�C�G�2 >�6 CH4R?@CH<=47CHG�;=ïN8+A c I~F+I@67F ∞∑

i=1

dii ≤ 1
ò

� �$/ � � ?@M�J=6RCH4b}NGEF+I"J=CH?3LB2547M ������� � �����B��@����

�
�������\�@������B������� ` �

¥b¤�ù � ` �^����,K�� &��/ C�D ��3������H'9�"MN��� ´J�����B#5� �^��,K�! &6H(�IZJ(�681$3����� &��I%¶J��MT3����"3
3��P/ V&�� ¡¯� Y$(&�" Ey¯� 3&: ��ZP3��7���&����I �=�5��_����B ��)�"3$� �^��'��)��µ��68���*6B34/A�Fa$3���3&'B(��^D�3�IKZP3���67�!'*���A3�I
O&,�3&��� `

�R4�F
n
L34£6£Jv?@8+GEFHG �@4DGO;BFH4�ï747C ` 1=CH?R�@4bF+I@67F

exp

(
2n

n + 1

) n∑

k=1

k

exp
(n
k

) ≥
(

n + 1

2

) `



�5
��

¥b¤ ú � ` �^����,K�� &��/�C�D�]$�"�B#&�9' Q �*6H(�'"3�IJZJ(5681A3����! ���I�¶J��MT3����"3 `
�R4�F

k
6R;=<

`
L34"F } ?P8�F�C�6RGOï7I�Fu2EGO;=478 í 6�;=<�254�F P

L34�6�;�>PJv?BG�;BFD4R�@A3GO<@G�8+F�6�;BFe5CH?@M¼F+I34RM ` �R4�F
A
6R;=<

B
L=4~F+I34�?@C�F+I3?3ï7?@;3672�J3CH?�õo4 c FHGO?@;38N?Be

P
?@;BF�?

k
6�;=<

` íCH4R8*Jv4 c FHG��@4�2�> ` 1=CH?R�@4tF+I@6�F í e�?@C�6R;�> M ∈ k
6R;=<

N ∈ ` í F+I34]e�?B2�2O?�}NGO;=ït8�FH6�F�47MK47;BFH86�CH4£4��BA3G��B672547;BF �
� G;�

PN ⊥ BM �
� GEG;�

PM ⊥ AN �
� GEG�G �

MN2 = AM2 + BN2
`

¥b¤ ú ë ` �^����,K�� &��/�C�D�]$�"�B#&�9' Q �*6H(�'"3�IJZJ(5681A3����! ���I�¶J��MT3����"3 `
�R4�F

a í b í 6�;=< c
L=4�CH476R2�;@A=MKL34RC�8 ` 1=CH?R�@4]F+I@67F |a+b|+ |b+c|+ |c+a| ≤ 2G�e�6R;=<:?@;@2�>"GEe |a| ≤ 1 í |b| ≤ 1 í |c| ≤ 1 í 6R;=< |a + b + c| ≤ 1

`
¥b¤ ú ¤ ` �^����,K�� &��/ C�D E < �P< �^�B���21��+� �)����I �.���*_��&�) ����2D aP��'�'��!#��\aP���_³�I�¶K�H,`(�C�'9�*6���S
�*���!'"3��P/ `

� I@6RC�6 c FH4RC�GEø*4�672�2�;36�FHA=C�6R2�;@A=MKL34RC�8
a
6R;=<

b
8*A c IPF+I@67F

a | (b2 + 1)
6R;=<

b | (a2 + 1)
`

¥b¤ ú ¥ ` �^����,K�� &��/�C�D�]$�"�B#&�9' Q �*6H(�'"3�IJZJ(5681A3����! ���I�¶J��MT3����"3 `
1 ;KF+I34"8+G5<34R8b?Be0F�C�GO6R;=ï�254

ABC
6RCH4"MK?BA=;BFH4�<KGO89?@8 c 472O4R8qF�CHG�6�;=ï�2O4R8

BMC í
CNA í 6R;=< APB

}NG�F+I
MB = MC í NC = NA í 6R;=< PA = PB

` � e
∠BMC + ∠CNA + ∠APB = 360◦ í J3CH?R�@4�F+I@67F F+I34ü6�;=ï�2O4R8:?Be 4MNP6�CH4DGO;=<34RJ=4R;=<34R;BFq?Be 4ABC

`
¥b¤ ú ö ` �^����,K�� &��/�C�D�]�3� ���'��0a��� �H����3����!I	�=�5��_����B ��)��D��S��$'����*�� &�"�"I�¶K��MT3��5��3 `

�R4�F
a í b í 6�;=< c

L=4N;=?@;=�*;=4Rï�67FHG �@4£CH476R2v;@A=MKL34RC�8 ` 1=CH?R�@4bF+I@67F
a3

2a2 + b2
+

b3

2b2 + c2
+

c3

2c2 + a2
≥ a + b + c

3

`
¥b¤ úb÷ ` �^����,K�� &��/�C�D�]�3� ���'��0a��� �H����3����!I	�=�5��_����B ��)��D��S��$'����*�� &�"�"I�¶K��MT3��5��3 `

�R4�F
x í y í 6R;=< z

L=4b;=?@;=�+;=4�ï�6�FHG��@4DCH476R23;@A=M:L=47C�8]896�FHGO8+eE>@G�;=ï
x + y + z = 3 í6�;=<�2O4�F

0 ≤ r ≤ 8
` 1=CH?R�@4bF+I@67F

1

xy2 + r
+

1

yz2 + r
+

1

zx2 + r
≥ 3

1 + r

`



�5
R�
�Û� 
�� � ��� � �

Q �0,����AC�'���M �" ��_��&� ,K�&�7MT3������.�"'�DT6)'��� ���/P<��1��?��/��)�*���+�9 �3&'��%3�D� %,^'���3� ���/
���\6����� ��*/A�&�-S����J,`(�C�'9�*6B3��"�����\�����  ���'B(��"������ ���� ����� �"�$ ��"#�1.�9 ����?,�3� ��^,����AC�'���M\ �<

¥ ë ù ö ` � �������\�@��&� í �#���� �^����,K�� ���/�C�D �	�"1�¯3�'�D\Z=����6�:!�!I`ZP�83� &�5_&I�¶J��MT3����"3 `
�R4�F

P
L34�6R;�>�Jv?BG�;BF�G�;�F+I34�J@2O6R;=4�?Be 4ABC

` �R4�F
D í E í 6R;=< F

<34R;=?�FH4F+I34KM�G5<3�*J=?BGO;BF�8~?Be
BC í CA í 6R;=< AB í CH4789J=4 c FHG �@472 > ` � e G

GO8DF+I34 c 47;BF�CH?BG5<�?Be
4ABC í J3CH?R�@4DF+I@6�F
0 ≤ 3PG+PA+PB+PC −2(PD+PE+PF ) ≤ 1

2
(AB+BC+CA)

`
aP��M?,K�� ������ ��S\ ��"M�9'"3��[ &��')($�"�*���$ C�D �U��681P�!'NZP3���3&�9'�'��!IO¶J�^(5�&��I 	��B3��P6���� 3��P/
>F3�'��21����KVH3����^(� tI	�=�8 �(�'����P�&��#�D�MT�A3� ��)(�M\I �*�$�$ &C��!(�6 ³�I�L�(� &�2�B��3 `

� I34]2O47e�F�G�;=4��BA=6R2EGEFo>NI@6R8�672OCH476�<�>NL34�47;NJ3CH?R�@47; � 8-4R4tF+I34q89?B2�A@FHGO?@;N?Be�J=CH?3LB2547M������� � �������T�@���=�&� � `
a 8gGO; ������� í } 4b894�F a =

−→
PA í b =

−−→
PB í 6�;=< c =

−→
PC

` ��G�F+INF+IBGO8�;=?�F�67FHGO?@; íF+I34£CHGOï7I�F�GO;=4R�@A=672�G�F�> c 6R;KL34£CH4X}£CHG�F�F�47;�6�8
|a| + |b| + |c| + |a + b + c| − |b + c| − |c + a| − |a + b|

≤ 1
2
(|b − a| + |c − b| + |a − c|) í

?@C
|2a| + |2b| + |2c| + |2(a + b + c)|

≤ |b − a| + |c − b| + |a − c| + 2(|b + c| + |c + a| + |a + b|) `
¢b?�} í F+I34 � CHG�6�;=ï�2O4 � ;=4R�@A=672�G�F�>:ï�G �@4R8]A=8

|2a| = |(a + b) − (b − a)| ≤ |a + b| + |b − a| í
|2b| = |(b + c) − (c − b)| ≤ |b + c| + |c − b| í
|2c| = |(c + a) − (a − c)| ≤ |c + a| + |a − c| í

|2(a + b + c)| = |(a + b) + (b + c) + (c + a)|
≤ |a + b| + |b + c| + |c + a| `

� I34£CH478*A32�F�e�?B2�2O?�}£8qLR>�6�<3<@G�;=ïbF+I34D2O6R8+Fge�?BA=C�G�;=4��BA=6R2EGEFHGO4R8 `
b�c dBe�dBe7c�f7g�hJi�jK�&o�
9�%�5���An 
;�7s&� y d*dBe!v�}"yH�He!vtu;|&gB}�wJ�Hu {Hu�g`��wHy;f�gB}"d2y;u;j8s�k8e���c y wHs&�?l�s����Bb��!{7w�h

u;|&g �&}*e���e�dBgB}B~



�5
R�

¥ ë ù ÷ ` � �������\�@��&� í �#�
�� �^����,K�� ���/�C�D �U��1.¯3&'2D\Z=����6�:!�!I`ZP�B3� ���_�I.¶K��MT3��5��3 `
! ?@Ct6�;�>:J=?@8*G�FHG��@4NGO;BFH4�ï747C

n í J=CH?7�@4£F+I@6�F�F+I34RCH4~4*îRGO8�FH8$6~J=?B2�>@;=?@M�G�6R2 P (x) í?Bes<=4Rï�CH4�4£6�F�2O4R6R8+F
8n í 8*A c I~F+I@6�F

(2n+1)2∑

k=1

|P (k)| < |P (0)| `

�� � &���.�"�"3�'�'2DN�21P�4 t3�MN�F &��')($�"�*���	C�D�¶K��DNZP3��HC�3��B3�IGY5��C�3����! &� �.���*_��&�) ����2D�I 	�3��$3��8I
Y5��C�3�������� �U��681P�!'FZP3���3&�9'�'��!Id¶K�^(����$I 	��83���67� �l¶��*681A3���/ �8< �4�� � tIG¶.3���681P� ��3�'*�� 
]^�&��/A�� �IKa�L I �=O�L �J>F3&')�21P�&�PVH3����^(� tI �.�8 �(&'9�"�����$#�D�MT�$3� ��B(�M\I �*�$�$ &C��!(�6 ³�I�L�(� &�2�B��3��
3��P/ V&��1A� � 35��³����� 3��P/ EG3�_!��/ ¶ <[O������P��I ´J�����)#��"3 O��^(��21����7� �=�5��_����B ��)��D�I
O$�"3$�*�� &C$������I�´AL I �KO!L `

�R4�F
n
L=4D6NJv?@8+GEFHG �@4bG�;BF�4Rï74RC ` �R4�F

P (x) =
(2n+1)2∏

k=1

(x − k)
`�� I34R;

P (k) = 0e�?@C
k = 1 í 2 í . . . í (2n + 1)2 í 6R;=<"F+I347CH47e�?@CH4 í

(2n+1)2∑

k=1

|P (k)| = 0 < (2n + 1)2! = |P (0)| `
� I34b<=4Rï�CH4�4b?Be

P (x)
G�8

(2n+1)2 ≥ 8n
� ;=?�F�4$F+I@67FsF+IBGO8�GO;=4R�@A=672�G�F�>£G�8t4R�@A3G �B6R2O4R;BFF�?

(2n − 1)2 ≥ 0
� `

b�c dBeKdBe7c�f7g�h i�jJ�~ �$~&�?l$��b �s���v�w&g)s 
 w�h�y {8��{7w�h u;|&g �&}*e���e�dBgB}B~
n7|&g=dBe7c9vtu y;e�w�i�j-�0eHh�{ �G�^{7d=u;|&g=d*{��%g.{�d=u;|&g`e�w&g={Hi!etf7g`g H�2g ��u�u |!{tu�|&g`h!g���w&g�h

P (x)
{7d

u;|&g��&}*eHh�vH�2u�e��
x − k

�9e�}
k = 2

u�e
k = (2n + 1)2

y w!dBu�gB{Hh e��
k = 1

u�e
k = (2n + 1)2

~=n8|�v7d2s
|Hy d���e7c j�w&e��-y {8c

P (x)
|H{�dKh!g)��}*g�g

(2n + 1)2 − 1 = 4n(n + 1)
~Gn8|�g �&}*e���e�dBgB}�� d�dBe7c�vHu y�e�w��^{7d

�2e�wHd2y�h!gB}"{ti�c j=�%e�}*gK��e�����c y;�9{tu9g�h�s�y w&f�e7c;fBy wH� �H|&g�i�j�d*|&g7f ��e7c j7w�e��-y {7c d7~

���
	�	�������������������������! �"# �$&%�')(�*,+.-0/213&4 *657%98;:=<>% 3 8?'@+ 3 ��- 3 8BAC-08?: 3�D 5?� 3 $& �E DF  HG 3 8I- 3 �
J�K&L

P M K,N�O)PQO�L�K�R�P0SIRUT�S�PVO�LWS�X;L!YZKL�R�PQN�O\[9]0K ABC
�
^ K�O\SHL�K M�_ da ` db ` dcL!YZKBa�PQb�L�N�O\c!K�b
X0R�SId

P
L�SBL!YZKeb!P0aZK�b

BC ` CA ` AB ` R�K�bfT\K�c�L�P gIK�] _ ` N�O\a.aZK�O\SHL�K
M�_ DA ` DB ` DC

L!YZKaIPVb!L�N�O\c�K�bUX0R�SId
P
L�ShL!YZK�gIK�R�L�P0c�K�b

A ` B ` C ` R�K�biT�K�c�L�PjgIK&] _ �kHl\R�L!YZK�Rm]QK&L
PA ` PB ` N�O\a PC

aZK�O\SHL�KnL!YZKedeK�N�b!l\R�K�b,S�X
∠BPC ` ∠CPA ` N�O\a

∠APB ` R�K�bfT\K�c�L�P gIK�] _ �o\R�S�gIK�L!YIN�L
dadb sin

(
1
2
(PA + PB)

)
+ dbdc sin

(
1
2
(PB + PC)

)
+ dcda sin

(
1
2
(PC + PA)

)

≤ 1
4
(DBDC sin PA + DCDA sin PB + DADB sin PC)

�
p  4�qZr -s H8t(�*n��% r %9�mu7v2w6 Z D 5\-= 4Q3yx 8�-=E�%9��$!- r * D{z�3 +.-0� 3 ' 3�D}|�~CD�x p ~ �

J�K&L
[XY Z]

R�K�T\R�K�b�K�O�L�L!YZK@N�R�K�N)S�X 4XY Z
�,� YZK�O�L!YZK@R�PQ[�YHL�biPQa\KnS�X#L!YZK[9PjgIK�OnPVO\K���l\N�]�P�L _ PVb�biPVd)TI] _ 1

2
[ABC]

�



�5
R�

�R4�FvF+I34tGO;BFH4RC�G5?@C�6�;=ï�2O4$LBGO894 c FH?@C�8�?Be
∠BPC í ∠CPA í 6�;=< ∠APB

MK4R4�FvF+I348*GO<=478
BC í CA í 6R;=< AB

67F
A′ í B′ í 6�;=< C′ í CH4789J=4 c FHG �@472 > `~� I34R; PA′ ≥ da í

PB′ ≥ db í 6R;=< PC′ ≥ dc

`t� IBA=8 í F+I34£2O47e�F]8+G5<34~?Be�F+I34~ï�G �@4R;:G�;=4��BA=6R2EGEFo>�GO8q2O4R8*8F+I@6�;�F }NG c 4NF+I34 8+A=M¼?Be
[A′PB′] í [B′PC′] í 6R;=< [C′PA′] �

F+I@6�F]G�8 í F+I34N254�e�F]8*GO<=4?BevF+I34 ï�G �@4R;�GO;=4R�@A=672�G�F�>"GO8]2O4R8*8tF+I@6R;
2[A′B′C′]

`� I347CH47e�?@CH4 í G�Ft8+A � c 4R8]FH?�J3CH?R�@4DF+I@6�F [A′B′C′] ≤ 1
4
[ABC]

`� A@F
A′B′C′ G�8~6 aP��_!��3�� �2�B�"3���#�'*�K?Be 4ABC �

F+I@67FNGO8 í AA′ í BB′ í 6R;=<
CC′ 6�CH4 c ?@; c A=CHCH4R;BF `�� IBGO8]e�?B2�2O?�}£8q8+GO; c 4

BA′

A′C
· CB′

B′A
· AC′

C′B
=

PB

PC
· PC

PA
· PA

PB
= 1

`
� I34 <34R8+GOCH4R<�CH478*A32�FgF+I34R;�e�?B2�2O?�}£8te5CH?@M F+I34Ne�?B2E25?�}NG�;=ï�F+I34�?@CH47M �
j �@æ y è*æ�� ` �R4�F

AA′ í BB′ í 6�;=< CC′ L34 F+I@CH4R4 c ?@; c A=C�CH47;BF � 4-�@G�6�;38b?Be 4ABC
`� I347;

[A′B′C′] ≤ 1
4
[ABC]

`
�^���$��S����R4�F

λ =
AC′

C′B
í µ =

BA′

A′C
í 6R;=<

ν =
CB′

B′A

`
! CH?@M � 4-�B6@� 8 � I34�?@CH47M í } 4£I@6��@4 λµν = 1

`�� I34R;

[BA′C′] =
µ[ABC]

(1 + µ)(1 + λ)
í [CB′A′] =

ν[ABC]

(1 + ν)(1 + µ)
í

6�;=<
[AC′B′] =

λ[ABC]

(1 + λ)(1 + ν)

`
 47; c 4 í
[A′B′C′]

[ABC]
= 1 − µ

(1 + µ)(1 + λ)
− ν

(1 + ν)(1 + µ)
− λ

(1 + λ)(1 + ν)

= 1 − µ(1 + ν) + ν(1 + λ) + λ(1 + µ)

(1 + λ)(1 + µ)(1 + ν)

= 1 − λ + µ + ν + λµ + µν + νλ

(1 + λ)(1 + µ)(1 + ν)

=
1 + λµν

1 + λ + µ + ν + λµ + µν + νλ + λµν

=
2

2 + (λ + 1/λ) + (µ + 1/µ) + (ν + 1/ν)

8+GO; c 4
λµν = 1

} IBG c I£GO8t?3LR�BG5?BA=8+2�>£2547898�F+I@6R;�?@C�4R�@A=672BF�? 2
8

= 1
4

L=4 c 67A=8-4b4R6 c I"?Be@F+I34bL3C�6 c ��4�FH4�<4*î�J=CH47898+G5?@;38]G�8q67F�2O4R6R8+F
2
`

b�c dBeTdBe7c;f�g�hNi�j��K{8c�u |�gB}Gk){7w�e!v7d2s\��}�d8v7c y w&gBwH��j�� wH{�d2y�v��-s 
;wHw!dBi�})vt� ��s%b�v7dBu;}"y {8�4{7w�hNu;|&g
�&}*e���e�dBgB}B~
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¥ ë ù ú ` � �������\�@���� í �#�
�� �^����,K�� ���/�C�D�L+�_³�3�/�D�L-')��I.O�3��4V&�� ���I`a�L I	�=O�L `
�R4�F

ABC
L34 6~;=?@;=�9?3L�FHA=8-4NF�CHG�6�;=ï�2O4D}NGEF+I c GOC c A=M�C�6�<BG�A=8

R
` � e

a í b í c 6�CH4F+I34N2547;=ïXF+I@8�?Be=F+I34£8*GO<=478$?@J=J=?@8*G�F�4N6R;=ï�25478
A í B í C í CH4789J=4 c FHG �@472 > í J3CH?R�@4DF+I@6�F

a cos3A + b cos3B + c cos3C ≤ abc

4R2

`
aP��M?,K�� ������\��SJ ���M��'�3��% &��')($�"�*���$ 0C�D � ��1$3�MTMN��/L+3� t ��9'"3�I O��2�83� �C$�^(��B#�I 	��83���67� �
3��P/ ]^��/P(�'"3 Q < � (��H��D�IJE��5_��&�8I���L I	�KO!L `

�R4�F
S
L=4DF+I34N6�CH476~?Be=F�CHG�6�;=ï�2O4

ABC
`gì G�; c 4

S =
abc

4R
=

1

2
R2

∑
� ����� � � sin 2A í

a

sin A
=

b

sin B
=

c

sin C
= 2R í

6R;=< ∑
� ����� � � sin 4A = −4 sin 2A sin 2B sin 2C í

} 4 I@6��@4
∑
� ����� � � a cos3A =

∑
� ����� � � (2R sin A) cos3A = R

∑
� ����� � � sin 2A cos2A

=
1

2
R
∑
� ����� � � sin 2A(1 + cos 2A)

=
1

2
R
∑
� ����� � � sin 2A +

1

4
R
∑
� ����� � � sin 4A

=
abc

4R2
− R sin 2A sin 2B sin 2C

`
¢b?�}¡} 4£;=?�FH4DF+I@6�F

sin 2A sin 2B sin 2C ≥ 0
L=4 c 67A=8-4 4ABC

G�8$;=?@;=�*?3LBFHA=894 `� IBA=8 í } 4£?3L�FH67GO;"F+I34 <34R8+GOCH4R<�G�;=4��BA=6R2EGEFo> `
�3�BA=6R2EGEFo>:I3?B2O<38]G�e�6�;=<:?@;@2 >"G�evF+I34bF�CHG�6�;=ï�2O4NG�8qCHGOï7I�F+�*6R;=ï�254R< `
b�c dBe dBe7c;f�g�h%i�j+� 
"�&oJr!p%�Hb^n*b�
9pHptr�s$��e!vtgBwHs ��}"{�w&�2g��P��bPl?� 
9mKo x=�!b^m��&s�mP�!v�jtgBw���y w!|

�|ty�gB� oPy �7|��H�9|�eHe7c sPq�y w!| pte�wH�8sPq�y;g�u;wH{��`���&o 
"�F�5�5�An�
��8s$� y d*dBe!v7}"y5�te!vHu |�gB}�w �Hu {Hu�g���wHy;f�gB}"d2y;u;j8s
k7e���c y wts?�?l�s���Bb��+bP��l5�&n�l$p�
;� �~ ��r!� 
;�7s q!{7}*fB{ �!g)y;e oPy �7|	�H�9|�eHe7c s b^u;|&gBw!d2s ��}*g�g���g��0k7lAr
o`l ��b^�5�$s5�&e�}�u {7c;gBd2s�m=� s^���)b5� ��b^pHn�oJr!�+k�b^mJl.���8s^��}�d8v7c y w&gBwH��j�� wH{�d2y�v��-s 
 w!wHdBi�})vH� ��s!bPv�dBu }"y {B�
�Bb^pHrH� ��bPp 
  
���ts4dBu�vth!gBw�u s ��{7}"{��2g7f7e �&e7c c�g)�tg)s ��{7}"{��2g7f7e7s[��e�d*wty {U{�w&h oJgB}9z)g)�tetfBy w!{B� k�l$r�p
�!�&oKp!l5�H��r!� �&s��&{�j�d2y;h!g)s!mJ�!s����Bb��!�7b^mJl5��r�~Hn��)b�l.�����!l���p!l.��s8b^u;|&gBw!d2s ��}*g�g��2g�����r�ntr!�%��~ �-l^l�s
��y�e7c { ��wHy;f�gB}"d2y;u;j8s�p�{J� y }"{th�{7s5��b5s^���Bb���{7w�h u;|&g �&}*e���e�dBgB}B~

oJet�^{7}*h+eHi�dBgB}*f7g�h-u;|H{Hu
∑
	 
�	 �  	

a cos3A >
abc

4R2

y ��{7w�h`e�wHc j�y ��u;|&g.u;}"y {�wt�7c;gAy d^eHi!u"v�dBg)s�{?� {H�2u�u;|H{Hu9�9e7c c�et�^d^gB{7d2y c j?� }*e�� u;|&g\�9gB{Hu"v�}*g�h.dBe7c9vtu y;e�w`{7d^�.g)c c"~
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¥ ë ùbû ` � �������\�@���� í �#�
�� �^����,K�� ���/�C�D�L+�_³�3�/�D�L-')��I.O�3��4V&�� ���I`a�L I	�=O�L `
�R4�F

x1 í x2 í . . . í xn
L=4üJ=?@8*G�FHG��@4PCH476R2q;@A=MKL34RC�8�896�FHGO8+eE>@G�;=ï n∏

i=1

xi = 1
`

1=CH?R�@4bF+I@67F
n∑

i=1

xn
i (1 + xi) ≥ n

2n−1

n∏

i=1

(1 + xi)
`

O���')($�"�*��� C�DO�3�'*�&M �X3�'��<³���¯6BI= &�8(�/A���.��IKO�3��83�����_��NaP��'9'*��#5��IKO�3��83�����_���I Z=�� H�5��303��P/
�4�&�):!�!#��5_��"�A3 `

� >�F+I34ü1@?�} 47C � �Ò4R6R; � ;=4R�@A=672�G�F�> í } 4KI@6��@4 n

√
1
2
(an + 1n) ≥ 1

2
(a + 1) �F+IBGO8�GO8]4��BA3G��B672547;BF�FH?

an + 1 ≥ 1

2n−1
(a + 1)n

`  $8+GO;=ï$F+IBG�8]CH478*A32�Fg6�8�} 472E2=6R8�F+I34
a � � B]� � ;=4R�@A=672�G�F�>�6R;=<"F+I34£ï�G��@47; c ?@;=<@G�FHG5?@;

x1x2 · · · xn = 1 í } 4 ?3L�FH67GO;
n∑

i=1

xn
i (1 + xi) = xn

1 + · · · + xn
n + xn+1

1 + · · · + xn+1
n

≥ xn
1 + · · · + xn

n + n n

√
(x1x2 · · · xn)n+1

= xn
1 + · · · + xn

n + n = (xn
1 + 1) + · · · + (xn

n + 1)

≥ 1

2n−1
((x1 + 1)n + · · · + (xn + 1)n)

≥ n

2n−1

n
√

(x1 + 1)n(x2 + 1)n · · · (xn + 1)n

=
n

2n−1

n∏

i=1

(1 + xi)
`

�3�BA=6R2EGEFo>:I3?B2O<38]G�e�6R;=<:?@;@2 >�GEe
x1 = x2 = · · · = xn

`
b�c dBe�dBe7c�f7g�hJi�j.�?lAoAb^�4�0r!��b�bA����
9pBb5s��tu;}"{7dBi!e!v�}9�8s ��}"{�w&�2g��&� 
��&oKr�pK�Hb^n*b�
9pHptr�s&��e!vHgBwts

��}"{7w���g�� ��b�lU� 
9mKo x.��bAm��&s-mP�Hv�j�gBw���y wH| �|ty�gB� oPy �7|T�t�"|&eHe7c s q!y wH|�pHe�wt�7s q!y�g�u w!{7�`�-k7lAr
o`l ��b^�5�$s5�&e�}�u {7c;gBd2s�m=� s^���)b5� ��b^pHn�oJr!�+k�b^mJl.���8s^��}�d8v7c y w&gBwH��j�� wH{�d2y�v��-s 
 w!wHdBi�})vH� ��s!bPv�dBu }"y {B�
k�l$r�pG�H�&oJpHl��t��r�� �&s^�&{�j7d2y�h!g)s^mJ�!sK���)b5�^�7bAmJl�� r&~^n7�BbPl=�����Hl ��pHl=�&s�bPu |�gBwHd2s ��}*g�g���g�����r�n�r��
��~ � lAl�s���y;e7c {%��wty�f7gB}"d2y�u j7s�p�{J� y }"{th�{7s5��b5s^���)b5�&{7w�h u;|&g �&}*e���e�dBgB}B~

�H{HeJ� y w!|`}*gB� {7}��!g�hJu;|H{Hu�u;|&g.�9{7dBg
n = 3

y d �&}*eHi�c�gB�����
(
��v�d*d2y {

)
e�� 
��?l �7|�e�}�u�p7y dBu��������H~

���
		��t��������
������� ` �����&� ���i �"# �$9%�'y(H*���%>$f$9% 4 -08 AU-QG@- r �! IE D���3Ir -= H8 3�4�� -���/��$&:�/? Z 4  ��#+ 3Ir /;%9G 3Zr -s:�$ 3 8;' p :�-=%98;:�% D p  �� 3�D 5 q�4 � 3 ��- 3 �
J�K&L

A M KhN! \OIP�L�Khb�K9L�S�X7R�K�N�]?OIl\d M K�R�b�b!l�ciY@L!YIN&LWK�NHciY a ∈ A
PQb�l\OIP0��l�K�] _K#"�T\R�K�bfb!P M ]0K
N�b a = b + c `�$ YZK�R�K b ` c ∈ A

N�O\a
b ≤ c

�
% N'&�o\R�S�gIKL!YIN&L�L!YZK�R�K@K�"�PVb!LWaIPVb!L�PVO\c�L�K&]0K�deK�O�L�b

a1 ` a2 ` . . . ` ak ∈ A
b!l�ciY)L!YIN&L

a1 + a2 + · · · + ak = 0
�

% M & ? ^ SZK�b L!Y�PQb O\K�c�K�bibfN�R�P�] _ YZS�]0a P�XeP�L PVb O\S ]0SIO\[�K�R N�bfb!l\deK�a L!YIN�L K�N�ciYR�K�TZR�K�bfK�O�L�N�L�PQSIO
a = b + c

PVbUl\OIP0��l�K�(
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Q �X6����7����6t�  ���'B(��"������ ������� ����67�!�*_���/US)���?�!���21���� ,�3��H� � 3 ���� � C �8I� &� �215�" 
,����AC�'*�&M ���&MT3&���� ��,K��� `

� I34�J=CH?@J=?@8-47C0CH4RM�6�C7��4�<NF+I@6�FsF+I347CH4u6RCH4�M:6R;�>£�=;@GEFH4�8-4�FH8
A ⊂ � e�?@C�} IBG c IF+I34~ï�G��@47; c ?@;=<BGEFHGO?@;KI3?B25<@8 `� 4 c 2�6RG�M:8 í e�?@C]4*îR6RM:J@254 í F+I@6�Fte�?@Cq476 c I n ∈ � í F+I348-4�F { − 2n+1 + 2k + 1 í 2k | k = 0 í 1 í 2 í . . . í n} 8*67FHG�8*�v4R8qF+I34~CH4��BA3GOCH47MK47;BF `� �$/P< �g¢b?�FH4DF+I@6�F

2k = 2k−1 + 2k−1 G�e
k ≥ 1 í

20 = 1 =
(
−2n+1 + 2n + 1

)
+ 2n í

−2n+1 + 2k + 1 =
(
−2n+1 + 2k−1 + 1

)
+ 2k−1 G�e

k ≥ 1 í
−2n+1 + 20 + 1 = −2n+1 + 2 = 2

(
−2n+1 + 2n + 1

) `
� FtG�8q;=?�F]<BG � c A32EFgF�?£�@4RC�G�eE>~F+I@67F]4R6 c I�?BevF+I3478-4NCH4RJ3CH4R894R;BF�67FHGO?@;38qG�8]A=;@G5�BAv4 ` �

�����������������
 � ����� ` � �H��� ���i �"# �$9%�'e(�*@+.-0/213&4 *n57%98;:=<>% D 5?� 3 $9 IE D F  HG 3 8�- 3 �
J�K&L

a
N�O\a

b M KR�K�N�]�OIl\d M K�R�bWbiN�L�PVbiX _ PQO\[ 0 ≤ a ≤ 1
2

≤ b ≤ 1
� o\R�S�gIK�L!YIN&L

% N'&
2(b − a) ≤ cos πa − cos πb �

% M & (1 − 2a) cos πb ≤ (1 − 2b) cos πa
�

p  4�qZr -s H8t(�*@+.-=:�/?% 4 5 3Ir03 - 4�4 % D F  q %98 D�� � 3 8?:!%H�
% N &nJ�K9L

f(x) = 2x + cos πx
� � YZK TZR�SIT�SIbfK�a PQO\K��Il\N�]VPjL _ c�N�O L!YZK�O M KK#"�T\R�K�bfbfK�a@N�b

f(b) ≤ f(a)
�

� K,YIN9gIK
f ′(x) = 2 − π sin πx

N�O\a
f ′′(x) = −π2 cos πx

��� K�O\c�K ` f ′ PVba\K�c!R�K�N�biPVO\[6SIO [
0, 1

2

] N�O\aePVO\c!R�K�N�biPVO\[6SIO [1
2
, 1
] �
	 PQO\c�K

f ′(0) = f ′(1) = 2
N�O\a

f ′(1
2

)
= 2 − π < 0 ` L!YZK�R�KhK�"�PVb!L α

N�O\a
β $ PjL!Y 0 < α < 1

2
< β < 1 ` bil�ciY,L!YIN&L

f ′(α) = f ′(β) = 0
N�O\a

f ′(x) < 0
PVX;N�O\a)SIOI] _ P�X x ∈ (α, β)

�
� Y�l\b ` f PVb7PQO\c!R�K�N�b!PQO\[�SIO

[0, α]
N�O\a

[β, 1] ` N�O\aa\K�c!R�K�N�biPVO\[WSIO [α, β]
��	 PQO\c�K

f(0) = f
(
1
2

)
= f(1) = 1 `�$ KmbfK�K�L!YIN&L f(x) ≥ 1

X SIR
x ∈

[
0, 1

2

] N�O\a
f(x) ≤ 1X SIR

x ∈
[
1
2
, 1
] �� O)TZN�R�L�P0c�lZ]VN�R ` f(b) ≤ 1 ≤ f(a) ` N�O\a6L!YZK
R�K�b!lZ]�L}X S�]�]0S $ b �% M & %�� SZaIP  ?K�aebi]�P0[�YHL�] _BM�_ L!YZK6K�aIPjL�SIR & �W� YZK,TZR�SIT�SIbfK�a)PVO\K���l\N�]�P�L _ PQbWX0N�]QbfK �X SIR6K#"�N�d)TI]0K ` P�X a = 1

4

N�O\a
b = 1 ` L!YZK�O L!YZKtPVO\K���l\N�]�P�L _ $ S�lZ]0a PVd)TI] _ L!YIN&L

−1
2

≤ −
√

2
2 `�$ Y�PQciY6PQb�N M b!l\R�a �

��� �������������������! �"$#&%'�( )%'�* +�),.-/����0�12�����
341/56����78�956: ��,.;�0�1'0�78,�-'����0�1<��1�=?>2@�ACBD>)3) FE�A6GH,
I�5 �J���LK�7854G'�LK/:�M2��7N1OG': 0':6�O341/56����78�956: ��,LPH�HQ+� 5 1',RIS"R,*3TGU�)=+�(BT"�G+E�"F-/A6GV�W4XZY'I&A6GH,$['0�7J�U0�\'�U56�@*5 ]�M
G'^CM<�'��� ,��*: M<��1'�9,._<7J����^9��=. )AN>2@F�* )X`ANW�@�Y/G�GH,* <0�1<^CM<�!B'0H�6���[<��7J�L���9,Z>��),�3TGU�)=.ab0H�6: M<��7FPU0�1<�LK��9,
347N�HKH� 5 1<��1/]���c1L0��95CK�cd,DA 1L1'����7UK'^C\�,��*K���: 785 0�=e[TYLX?3)-U�gf?WhIi3R FE�#L,
XZ�/����78,SB���,S3TGU�)=P�"F@�f
@(�.adVRACf.Gj0�1<��XR��[TACXk $WTG2E�"�fbY�,(_R����7C]H5 0jG/�LK': M<��7N1S3<1'5�����78�95�:��H,$G/: 0/:C�����L��7J��,*_L�),b34G��R=FB4Y4E�Y+ 
#RWTa"F"R,R%+5���� 0h341/56����78�956: ��,4-�0�I�5 780/��0�,)>��),(3TGU�)=20�1<�:�M2�(Q27J�HQT������7

(
Q20�7�:<l mHn$��1/� �

)
W

��� �4:�M2�Z����������78�$12�': 5�^9���d:�M'0':R:�M2�*5 1<��o+K�0�� 56: �.5 1dl p�n45 �$5 1<^N��7N7J��^J:NWF><K�7�: 5 �Z^N��cch��1<:6���: ML0/:R:�M2�
5 12��o+K�0H� 5�:��Z�L�'���TM<�����Z����ch��: 5 ch���

( q ��7R�8r�0�c?Q+�6�U,Ls(M<��1 a = 0
0�12�

b = 3

4
)
=<: M4K��9,2��12�*^60�1'1<�':'�95 c?Q+� �

7J������78���(5�:9W
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P
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AA′

B

B′

O

P

U

V

Γ

n=z �7é � `�� I34~I�>3J=?�F�47;@A=8-4~?BevF+I34NF�CHG�6�;=ï�2O4~?Be�M�G�;@GOM�A=M Jv47CHG�MK4�F�47CtG�8]F+I34NFH6R;=ï74R;BF67F
P
F�?"F+I34 c G�C c 254DF+I@CH?BAvï7I

P í c 672�2vG�F Γ í F+I@67FtGO8]F�6�;=ï747;BFtF�?"F+I34£Jv?@8+GEFHG �@4 x
�$6R;=<

y
�*6Xî�4R8q6R;=<�8-47J=6RC�67FH4�<�LR>"F+I@67FgF�6�;=ï747;BFte5CH?@MF+I34 ?@C�G5ï�G�;

O
`

�^���$��S����R4�FDF+I34K2�G�;=4:F+I@CH?BAvï7I
P
F�6�;=ï747;BFDF�?

Γ
MK4R4�FbF+I34

x
�*6Xî�G�8~6�F

A
6R;=<�F+I34

y
�*6Xî�G�8]67F

B
` �R4�F

`
L=4N6R;�>�?�F+I347Cg2�G�;=4bF+I@CH?BAvï7I

P
G�;BF�47C�8-4 c FHGO;=ï�F+I34NJv?@8+GEFHG �@4D6�î�47867F"J=?BGO;BF�8

U
6R;=<

V í 896�> `¡� I34R;ÒF+I34ü2EGO;=4üJ36�C�672�2O472]FH? UV
6R;=<ÒF�6�;=ï747;BF~FH?

ΓGO;BFH4RC�894 c F�8DF+I34:6�î�478£6�F
A′ 6R;=< B′ }NG�F+I OA′ < OU

6R;=<
OB′ < OV

`�ì GO; c 4
OA + OB + AB = OA′ + OB′ + A′B′ í } IBG c I�4R�@A=672O8�F }NG c 4 F+I34~2547;=ïXF+I�?BeF+I34DFH6R;=ï74R;BF�8]FH?

Γ
e5CH?@M

O í } 4£I@6��@4
OA + OB + AB = OA′ + OB′ + A′B′ < OU + OV + UV í

6�8 c 2O67GOM:4�< `
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n�y ��*��9è��+�_�9é y � ` ! GOC�8�F c ?@;38+F�C�A c F�6R;�6RC+LBGEF�C�6RCo> c GOC c 2O4
Γ′ F+I@67F~G�8�F�6�;=ï747;BF~FH?ÒF+I34Jv?@8+GEFHG �@4

x
��6�;=<

y
�*6Xî�4R8 � } I3?@894 c 4R;BF�CH4

C′ GO8�6�;Ö6�C�L@G�F�C�6�Co>ÖJ=?BGO;BF�?Be�F+I34ü2EGO;=4
y = x

� í 6R;=< c 672�2 P ′ F+I34�J=?BGO;BF c 25?@894R8�FqFH? O
} I347CH4

OP
GO;BFH4RC�894 c F�8

Γ′ ` �q4��v;=4
C
F�?�L34bF+I34NJ=?BGO;BF�} I347CH4bF+I34D2�G�;=4NJ36�C�672�2O472@F�?

P ′C′ F+I@CH?BAvï7I P
GO;BFH4RC�894 c F�8

OC′ `� I347;
C
G�8gF+I34 c 4R;BF�CH4D?Be

Γ
� L34 c 6RA=894uF+I34D<@GE2O6�FH6�FHG5?@;N}NG�F+I c 47;BF�CH4

O
F+I@67F�F�6���478

C′F�?
C
}NGE2�2=FH6���4

P ′ FH? P í 6�;=<�FH6���4 Γ′ 6�;=<�GEF�8�J=?BGO;BF�8u?Be�F�6�;=ï747; c >�}NG�F+I�F+I34 6�î�478F�?
Γ
6�;=<"GEF�8tFH6R;=ï74R; c >:J=?BGO;BF�8$?@;"F+I34£6Xî�4R88� `

m m ` aP��M?,K�� ��)�*�	��S� ��"M�9'"3��? ���'B(��"������ C�D �^������� W=<0>?�$��I\ZA����'"3 �.���*_��&�) ����2D�I\Y�3
�	�"�835/53�I`a�L I	�KO!L ��3���/��21P� ,�����,K�� &��� `
h � � z �Z*Xé"* ` �R4�F]F+I34"6Xî�4R8�MK4R4�F$6�F

O í 6R;=<K2O4�FtF+I34~2EGO;=4~894�ï�M:4R;BF]F+I@CH?BAvï7I P (a, b)MK4R4�FgF+I34
x
�*6Xî�G�8q67F

A
6�;=<"F+I34

y
�*6Xî�G�8q67F

B
` �q47�=;=4

θ = ∠BAO
` ��GEF+I3?BA@F�2O?@898?Besï74R;=47C�6R2EGEFo>�6R898+A=MK4bF+I@67F

a ≥ b
`�� I34R;"F+I34£J=4RC�GOM:4�FH4RC]?Be=F�CHG�6�;=ï�2O4

OAB
GO8

p(θ) = a(1 + sec θ + tan θ) + b(1 + csc θ + cot θ)
`

� FH8$<=47CHG �B67FHG �@4£8*67FHG�8*�v4R8
p′(θ) =

a

1 − sin θ
− b

1 − cos θ

`
� I34�ï74R?@MK4�F�Co>�GO;=<BG c 67FH4R8�F+I@67FqF+I34�M�G�;@GOM�A=M¹Jv47CHG�MK4�F�47Cu? c+c A=C�8$} I34R;�F+I34<=47CHG �B67FHG �@4NG�8tø*4RCH? í } IBG c I�MK476�;38 a cos θ − b sin θ = a − b í ?@C

a cos θ − b sin θ
√

a2 + b2
=

a − b
√

a2 + b2

`
��GEF+I

φ = ∠AOP í 89?~F+I@67F cos φ =
a√

a2 + b2

6�;=<
sin φ =

b√
a2 + b2

í F+I34N2O6R8+F4��BA=67FHGO?@; c 6�;:L34NG�;BF�47C�J3CH4�FH4�<�6�8
cos(φ + θ) =

a − b
√

a2 + b2

`
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n�y ��*��9è��+�_�9é y � `0� ?@;38�F�CHA c F=F+I34 c GOC c 2O4g}NG�F+Ib<@G�6�M:4�FH4RC
OP í c A@F�FHGO;=ï�F+I34 y

�+6�îRGO8s6�ï�6RG�;67F
Y (0, b)

`�� ?@;38+F�C�A c FuF+I34 c GOC c 2O4�}NG�F+I c 47;BF�CH4
Y
6�;=<�C�6�<@GEA=8

Y O í c A@F�FHG�;=ï�F+I348-4Rï�MK47;BF
Y P

6�F
M
` �]C�6�}ÎF+I34 c GOC c 2O4g}NG�F+I c 4R;BF�CH4

P
6�;=<bC�6�<@GEA=8

PM í c A@F�FHGO;=ïgF+I34�vC�8�F c G�C c 254�67F
Q
� L34�F } 4R4R;

P
6R;=<

B
� `0� I34R;

PQ
GO8�F+I34b<=478*G�CH4�<N2�G�;=4$F+I@67F�IBG�FH8�F+I346�î�478u6�F

A
6R;=<

B
6R;=<�<34�FH4RCHM�G�;=4R8$F+I34£F�CHG�6�;=ï�2O4

OAB
?Be0M�G�;@GOM�A=M¼Jv47CHG�MK4�F�47C `

� ì G�; c 4
PQ = a − b

6R;=<
PQ ⊥ OQ í } 4Nï74�F cos ∠QPO =

a − b√
a2 + b2

�
} I34R; c 4 íF+I34D2EGO;=4

PQ
M:6���4R8]6�;"6�;=ï�2O4£?Be

θ
}NG�F+I F+I34

x
�+6�îRGO8t8*A c I F+I@67F

θ + φ = ∠OPQ
` �

b�c dBe	dBe7c;f�g�h i�jX��l$� �Hb^�5�HbP��b5sptg�i�{�w&gBdBg ��wHy;f�gB}"d2y;u;j8s ��{7w!{7}"s pHg�i�{7w�e�w�� � 
"�&oJr!p
�HbPn*b 
"ptpHr�s���e!vtgBwHs ��}"{7w���g��&{7w�h-�&o 
"�%�5�5�An�
��8s�� y d*dBe!v7}"y��te!vHu |�gB}�w`�tu {tu9g`��wty�f7gB}"d2y�u j7s�k7e���c y wts��?l�s
���)b.~

�������m�B�����H��
� ����
 ` ������� ���! �"# �$&%�'y(H*�Z-08?:!%98 r � - q F��3 ' q�4 %9$9: q�Dmx 8�-=E�%9��$!- r *B ��| � 3 -= �E 3�D}| � 3 -s IE 3�D F  HG 3 8�- 3 �
J�K&L

f M KtNtT�SIb!P�L�P gIKtc!SIO�L�PVOIl�S�l\b6XQl\O\c�L�P0SIO a\K' �O\K�a SIO
(0, ∞)

b!l�ciY.L!YIN&L
lim inf
x→∞

f(x) > 0
� o\R�S�gIK L!YIN�LeL!YZK�R�K PQbyO\S T�SIb!P�L�P gIK ` L $ PQc!K aIP��7K�R�K�O�L�PVN M ]0KXQl\O\c�L�P0SIO

g
a\K' �O\K�a)SIO

[0, ∞) $ Y�PQciY@bfN&L�PQb� ?K�b g′′ + f ◦ g = 0
�

p  4�qZr -s H8 (H* | /I-j" | q � r -V$ D + -V$f$9 q ��- p  qIr /;%9��8 p r03Ir % x 8�-=E�%9��$!- r * D��  �" 4 -08 D +
	 Dx p ~CD G� Z'�- �;%�'e(�* r /;%%�'�- r  H�>�
	 l\T\T\SIb�K@L!YIN&Lmb!l�ciYyN)XQl\O\c�L�PQSIO

g
K#"�PQb�L�b �)� YZK�O

f ◦ g
PQbc!SIO�L�PVOIl�S�l\b ` N�O\aL!YZK�R�K&X SIR�K

g′′ PVbmN�]QbfSBc!SIO�L�PVOIl�S�l\b �&	 PVO\c!K f
PVbmT\SIbiPjL�PjgIK@SIO

(0, ∞) ` L!YZK,XQl\O\c�L�P0SIO
g′′ PVb�O\K�[&N&L�PjgIKhSIO (0, ∞) ` N�O\a g′ PQbWaZK�c!R�K�N�b!PQO\[ �

� S $ b!l\T\T\SIb�K�L!YIN&L
g′(α) = −k < 0

X SIR}bfSIdeK
α > 0

�#� YZK�O
g′(x) ≤ −kX SIRWN�]V]

x ≥ α
��� YZK�R�K�X SIR�K ` g(x) ≤ g(α) − k(x − α)

X SIR�N�]�]
x ≥ α ` PVd)TI] _ PQO\[L!YIN�L

g
PVb
K�gIK�O�L�l\N�]V] _ O\K�[&N�L�P gIK ` N)c!SIO�L�R�N�aIPQc�L�P0SIO � � K�O\c!K ` g′(x) ≥ 0

SIO
[0, ∞)N�O\a

g
PVbUPQO\c!R�K�N�b!PQO\[ �
	 PQO\c�K

g
PQb�T\SIbiPjL�PjgIKhN�O\aePVO\c!R�K�N�biPVO\[ ` lim

x→∞
g(x) = ∞ SIR

lim
x→∞

g(x) = MX SIRCbfSIdeK
T\SIbiPjL�PjgIK
R�K�N�]�OIl\d M K�R M
�� X

lim
x→∞

g(x) = ∞ ` L!YZK�O
lim inf
x→∞

f
(
g(x)

)
= lim inf

y→∞
f(y) > 0

�
� X

lim
x→∞

g(x) = M ` L!YZK�O ` l\biPVO\[�L!YZKc!SIO�L�PVOIlZP�L _ S�X f `�$ KYIN&gIK
lim inf
x→∞

f
(
g(x)

)
= lim

y→M
f(y) = f(M) > 0

�
� Y�l\b ` PVO M SHL!Ync�N�bfK�b ` lim inf

x→∞
f
(
g(x)

)
> 0

�
� S $@` b!PQO\c�K g′′ = −f ◦ g `�$ KYIN&gIK

lim sup
x→∞

g′′(x) = − lim inf
x→∞

f
(
g(x)

)
< 0

�
� YZK�R�K�X SIR�K ` L!YZK�R�KhK#"�PQb�L δ > 0

N�O\a
β > 0

bil�ciY,L!YIN�L
g′′(x) ≤ −δ

X SIRCN�]�]
x ≥ β

�� YZK�O
g′(x) ≤ g′(β) − δ(x − β)

X SIRCN�]�]
x ≥ β ` PQdnTZ] _ PVO\[�L!YIN�L g′ PQbWK�gIK�O�L�l\N�]V] _O\K�[&N&L�PjgIK ` Nhc�SIO�L�R�NHa�P0c�L�PQSIO �� K�O\c!K ` b!l�ciY@NXQl\O\c�L�PQSIO g

aZSZK�b�O\SHLUK�"�PVb!L �
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θ = ∠ACD í ϕ = ∠DCB í 6�;=< β = ∠PBD
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2ϕ
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A1T2T3 ` A2T3T1 ` A3T1T2 `R�K�biT�K�c�L�PjgIK&] _ � o\R�S�gIK�L!YIN�L2L!YZK
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